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1. Introduction 



The energy momentum tensor is a universal probe in any relativistic quantum field 
theory. Parameters which are defined through correlation functions of the energy momen- 
tum tensor, or its expectation value when the space on which the theory is defined has 
non trivial topology or non zero curvature, may serve to specify the theory independent 
of any particular formulation in terms of elementary fields. Such parameters should be 
well defined at any renormalisation group fixed point where the theory becomes conformal, 
which should also include the case of free theories. The cardinal example of course is the 
Virasoro central charge c for two dimensional conformal field theories which may be defined 
through the trace of the energy momentum tensor on a curved background, the coefficient 
of the energy momentum tensor two point function on fiat space M'^ or a universal term 
in the dependence of the Casimir energy on the circumference when the underlying space 
is compactified on a cylinder S"^ x M |^]. Furthermore away from critical points c may be 
generalised to a function of the couplings (7*, C{g), which monotonically decreases under 
RG fiow as the basic scale of the theory is evolved to large distances and the couplings 
are attracted to any potential infra red fixed point. This is the content of the celebrated 
Zamolodchikov c-theorem 0, where C{g) was constructed so as to satisfy 

P'i9)^,C{g) = G,j{gWig)(3\g), (1.1) 

with Gij (g) , for unitary theories, positive definite. Since, in a two dimensional conformal 
field theory c may be interpreted as a measure of the degrees of freedom, the c-theorem 
incorporates the physical intuition that RG fiow is irreversible as a consequence of loss of 
information concerning details at short distances in any infra red limit.0 

Many efforts have been made to generalise such ideas beyond two dimensions to re- 
alistic four dimensional field theories |^,^,^,^||,|^,^|TT|,|T^ , even making connections to 
modern ideas of holography [1T3| , [T^ . In particular Cardy discussed a possible generali- 



sation for c to four dimensions in terms of the energy momentum tensor trace on a curved 
background. At a conformal fixed point there are two parameters associated with two 
independent scalars formed from the curvature which may apear in the energy momentum 
tensor trace, and are denoted by c, a. Cardy's conjecture for a four dimensional generali- 
sation of c involved a, the coefficient of the four dimensional Euler density. An analysis of 
this proposal for general four dimensional renormalisable quantum field theories demon- 
strated []5| irreversibility of the RG fiow of a quantity a, which is equal to a for vanishing 
/9-functions, in some neighbourhood of weak coupling. Recently non perturbative formulae 



^ A selection of papers discussing the c-theorem using statistical mechanical methods is 
nven in [Hi. 



1 



for the flow of both c and a between UV asymptoticaUy free fixed points and non trivial 
IR fixed points in A/" = 1 supersymmetric gauge theories were proposed, on the basis of 
anomaly calculations, which demonstrated that the RG flow of a is monotonic, so long as 



the anomalous dimensions of the basic chiral fields are not too large []15| , p!6|] . The super- 
symmetric results were subsequently shown to be in accord with the previous perturbative 
discussions for general theories in [FTf . 

It therefore appears natural to try to analyse further how far two dimensional results 
for flat space may be generalised to curved backgrounds. In this investigation we restrict 
attention to homogeneous spaces of constant curvature, for theories continued to a space 
with positive definite metric, either the c?- dimensional sphere S'^ or the negative curvature 
hyperboloid H'^. For such spaces 

R^,uap = {9^^a9up - 9^,p9,.a) R = ±d{d - , (1.2) 

with 1/p a length scale. The dependence on the metric is then reduced to just the single 
parameter p and we may write 

P-^9tiu = -'29tiiy + ^u9fiiy : ^u9tiu = ^fiUu +^uUfj,, (1.3) 

where is a vector field which depends on the particular choice of coordinates. The 
simplicity of considering homogeneous spaces of constant curvature is that the isometry 
group is as large as on flat space and therefore a group theoretic analysis is possible which, 
once the appropriate basis functions are introduced, is not essentially more complicated 



than for flat space [|T^,0. The virtues of considering fleld theories on negative curvature 
spaces were advocated in |l20[] . 

For the case of negative curvature an analysis of two point correlation functions, where 
the positivity properties arising from unitarity are most evident, for the energy momentum 
tensor was flrst given in 0. More recently Forte and Latorre |]T^ have endeavoured to 
use these results to prove a four dimensional version of the c-theorem by considering as 
a candidate for C^g), which naturally interpolates between a at fixed points, a function 
C{g) determined by the one point function of the energy momentum tensor on a space of 
constant negative curvature when (T^^) is proportional to (7^;^. It is important to recognise 
that although we may have Aa < under RG fiow between fixed points it is in general 
necessary to add extra terms of 0{(3) to any interpolating function C{g) to obtain a C{g) 
satisfying ( p. . 1|) . We show later that there is a freedom of definition for ^.{g) of 0(/9^), and 
correspondingly for Gij{g), which preserves ( |1 . 1| ) and which may be necessary to ensure 
that Gij (g) is positive. 



The work in [|T0[ formed part of the stimulus for this investigation although we attempt 
to provide a complete set of results for the energy momentum tensor two point function 
on constant curvature spaces. The salient results obtained here are. 
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An analysis of the Ward identities following from the conservation equation for the energy 
momentum tensor and the presence of anomalous terms in its trace, together with consis- 
tency conditions following from renormalisation group equations, applied to the associated 
one and two point functions on spaces of constant curvature. These relations are further 
restricted for the particular cases of two and four dimensions. 

The derivation of the conditions flowing from the conservation equations on a general 
expression of the two point function together with the calculation of its explicit form for 
massless scalar, spinor and vector theories. 

A derivation in detail of the unitary positive energy representations of 0{d — 1,2) for a 
spin one lowest energy state. These are applied to construct the spectral representation 
for a vector two point function on a negative curvature space. This is extended to the spin 
two case appropriate to the energy momentum tensor two point function. 

An analysis of the implications of these results for the derivation of a c-theorem along 
similar lines to that in [|l^ (and also the extension of the Zamolodchikov proof to curved 
space). The justification of positivity conditions through the spectral representation for 
the two point function is carefully considered. We are not able to obtain an equation of the 
form (|1.1|) for C{g) although a related equation of the form j3^diC = Q — dC with Q > Q 
at least in two dimensions is found. 

A discussion of the possible conditions which would imply irreversibility of RG flow and 
the constraints that a general c-function should satisfy. 

An application to free massive scalar fields when all contributions to the various identities 
may be explicitly calculated. 

An analysis of consistency conditions related to the energy momentum tensor trace 
anomaly was also previously undertaken in for general curved space backgrounds. 
The consistency conditions obtained subsequently are a subset of those in but are here 
directly related to physical correlation functions. 

In more detail the outline of this paper is as follows. In the next section a general 
framework for Ward identities, together with RG equations, for the energy momentum 
tensor two point function is described. This is then specialised to two and four dimen- 
sions in sections 3 and 4. In section 5 we discuss a geometric approach appropriate for 
describing two point functions of tensor fields on spaces of constant curvature. In section 
6 the conformal Killing equation is solved, independently of any choice of coordinates in 
d-dimensions, and the corresponding conformal group 0((i-f 1, 1) identified as well as the 
appropriate isometry groups. A scalar function s of two points x, y, which transforms 
homogeneously under conformal transformations, is constructed. An associated bi-vector. 
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related to inversions, which also transforms simply under conformal transformations is 
found. These results allow the construction of conformally covariant two point functions 
for any tensor fields. The geometric formalism is extended to spinor fields in section 7 and 
the corresponding inversion matrix as well as explicit forms for Killing spinors are obtained. 
The formalism of section 5 is applied in section 8 to determine a general expression for 
the two point function of the energy momentum tensor {T^jy{x)Tcti3{y)) and the necessary 
conditions required to satisfy the conservation equation for the energy momentum tensor 
are obtained. On S"^ or for a traceless energy momentum tensor these have simple 
solutions with only an undetermined overall scale for S"^. Expressions which satisfy the 
conservation equations automatically are found in terms of two independent scalar func- 
tions which can be interpreted as corresponding to spin-0 and spin-2 contributions. The 
spin-2 function gives a form for the two point function appropriate to a traceless energy 
momentum tensor. It is shown how to determine generally each of the scalar functions for 
any expression for the two point function obeying the conservation equations. In section 
9 the arbitrariness in this decomposition, arising when the the spin-0 scalar function is a 
Green function for — — ^rj-R and the resulting expression for the energy momentum 
tensor two point function is traceless, is discussed. In two dimensions, when the spin-2 
function is absent, {T^j^{x)Taf3{y)) is determined uniquely for conformal theories with the 
overall scale set by the Virasoro central charge c. In section 10 we calculate the form of 
the two point function in the conformal limit for free scalar and spinor fields in general 
dimensions and also for free vectors in four dimensions. For S'^ the results are proportional 
to the unique conformally covariant form with the same overall coefficient Ct as on fiat 
space. On H'^ the results are not unique but there is a simple expression for the leading 
singular term with the same coefficient Ct- Some aspects of these results are understood 
in section 11 using the operator product expansion although its form on spaces of non 
zero curvature is not yet fully clear. In section 12 we discuss the positive energy unitary 
representations of 0{d — 1,2) and their significance for unitary quantum field theories on 
H'^. We obtain in detail the representation for a spin 1 lowest weight state. The techni- 
calities of this section are then used in section 13 to obtain the spectral representation for 
the two point function of a vector field when the intermediate states are decomposed into 
representations of 0(ci — 1, 2). This work motivates a natural extension giving the spectral 
representation of the energy momentum tensor two point function. Finally in section 14 
general aspects of the c-theorem are discussed and difficulties in deriving it for a field 
theory defined on a space of constant curvature are described. In appendix A the crucial 
results obtained in section 8 for positive curvature are listed in the negative curvature case 
while the calculation of Green functions in terms of hypergeometric functions is described 
in appendix B. Some detailed results for the spin one representation of 0{d — 1,2), and 
the calculation of the norms of the basis states, are deferred to appendix C. This also 
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contains a summary of some properties of the arbitrary dimension spherical harmonics 
used in section 12. In appendix D we discuss the example of a free massive scalar field 
following [|lO|, where the mass is the sole coupling. This involves the explicit construction 
of the spectral representation for (j)^ . 



2. Ward Identities and Consistency Conditions 

Our subsequent discussion depends crucially on the Ward and trace identities satisfied 
by correlation functions involving the energy momentum tensor. These are not necessarily 
unique since there may be ambiguous local contact term, involving 5-functions, in any two 
or higher point function. In consequence it is useful to first give a precise derivation of 
the identities in a consistent framework and later take account of the potential freedom 
of contact terms. To this end we consider the vacuum functional W for a quantum field 
theory defined on an arbitrarily curved space with metric g^u{.x) and also local sources g'^{x) 
coupled to a set of scalar fields Oi{x). The expectation values of the quantum operator 
fields in the background for an arbitrary metric but with g^{x) = g^ the physical coupling 
constants (which are taken to be dimensionless by introducing an appropriate power of a 
scale p on which the metric depends) are given by 



where the functional derivatives, for (i-dimensions, are defined by 



(2.1) 



^ g''^y)=S^^^6,f6''{x-y), ^^gJ{y) = S.^S'ix - y) . (2.2) 



With this prescription the associated two point functions are given by 



(2.3) 



which are manifestly symmetric. We may also similarly define {T^jj[x)Oj{ii)) . In general 
the correlation functions {T^^j{x) . . .Oj{y) . . .) formed from T^;^ and the scalar fields Oj 
form a basic set related by Ward identities and obeying RG equations which are the subject 
of discussion here. 

The Ward identities may be derived from the condition that is a scalar functional, 
corresponding to the requirement that any regularisation preserves invariance under dif- 
feomorphisms, which implies 

J d'^x (-(V^t;" + ^"v^j^ + v^dX ^^W = Q. (2.4) 



5 



It is easy to see that this gives 



V^(T^.) = 0, 



(2.5) 



and also 



V^{T^.{x)T^0{y)) = V.{5''J';5\x,y)) {T^p{x)) + 2V .{5lJ'p. 5^(x,y) (Tp,(x))) , (2.6a) 



In these equations, which contain 5'^{x, y) = 6'^{x — y)/ ^/g{x), the appropriate connections 
to appear in covariant derivatives need to be clearly specified. Any ambiguities are here 
resolved by using the convention that the indices z^, a, p are regarded as 'at x' while a, (3 
are 'at y\ covariant derivatives such as V,y involve differentiation with respect to x and 
have the required connection necessary according to the tensorial structure at x. 

We also consider associated trace identities which take the form 



where A is the anomalous contribution to the trace present in field theories on a curved 
background. ^ is a local scalar formed from the the Riemann curvature and its deriva- 
tives and obeys consistency conditions which correspond to integrability conditions for 
W. In (|2.7|) we have assumed that the operators Oi form a basis for the trace of the en- 
ergy momentum tensor with coefficients the /3-functions corresponding to the couplings g'^. 
Derivatives of lower dimensional operators are thus neglected in ( p.7|) but if present they 
do not change the essential results of the analysis, as discussed in As a consequence 
of (|2.7|) with the definitions ( p.3|) we have 



g^^ix) {T^,{x)T^M) - mx)T^M) ' '^{TMv)) ^ i^^ v) = ^c.p{x, y) , (2.8) 



where Aapix, y) is formed from 5^(x, y) and derivatives and is explicitly given by 
We further have 



g^^{x){T^,{x)0,{y))-{Q{x)0M) + d,^^{0j{y))6''{x,y)=B,{x,y). (2.10) 



where Bi{x,y) also has support only for x = y. The appearance of di(3^ reflects the fact 
that this is the anomalous dimension matrix for the operators Oj. It is easy to see that 
we must have for consistency 



W{T^MO,{y)) = dj'^ix, y) (0,(x)) . 



(2.66) 



e = i3'o. 



(2.7) 





(2.11) 
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and also 



[2.12) 



which is an integrabihty condition. The necessity of ( |2.12| ) may be seen by combining 
and ( |2.1C1| ) to give 



g^''{x)g^P{y){T^,{x)T^p{y)) - {Q{x)Q{y)) 



2g^P{y){T^p{y)) 5\x, y) - (3'd,(3^ {0,{y)) 5\x, y) + n{x, y) . 



(2.13) 



To obtain further consistency conditions it is necessary also to consider the linear RG 
equations for the one and two point functions. First we define the derivative operator 
which generates constant rescalings of the metric and the associated flow of the couplings 
by 

V = -2 I d'^x 9'"'^^ +13'^. (2.14) 
For a constant curvature metric depending on a single parameter p as in (|1.2|) we have, up 



to the effects of the reparameterisation generated by u as in ( pT3|) 



2 / d^x g^" 



P- 



d 



Sg^"" dp 



With the definition ( |2.14| ) the RG equations for (T^i/) and {Oi) are then 



{V + d-2){T^,) =C^,, C^,(x)= jd''y^A^,{y,x) 
{V + d){0,)+d,f3^{0j)=C,, C,{x)= U''y^B,{y,x). 



For the two point functions we have 



{V + 2d- 4) {T^^{x)T^p{y)) = S^^^^p{x, y) 



where 



and 



^f,u,o,p{x,y) 



v^^Mf)Sg^nx)Sg"''{y) 



{V + 2d- 2) (T^,(x)0,(2/)) + d,(3^ {T^,{x)Oj{y)) = T^^^x, y) 



for 



nujii-^t y) 



{^/9C^{y)) 



(2.15) 



[2.16a) 
(2.166) 



(2.17) 



jd'^x^A, (2.18) 



(2.19) 
(2.20) 



together with 



{V + 2d) {0,ix)0,iy)) + d,(3^{0k{x)0,{y)) 



(2.21) 



Given an expression for the trace anomaly ^ on a general curved space C^^ and £p,v,ai3, as 
well as AolI3, may be directly calculated. For d = 2 and 4 general forms for J-'^u,i{.x^ y) and 
Qij{x,y) = Qji{y,x) may be constructed as a sum of terms involving the curvature and 
derivatives of d'^{x,y) with the appropriate dimension. From ( |2.65|) we must have 



V'^^^.,.(x,2/)=a,(5^(x,y)C,(a:) 



(2.22) 



and ( |2.6q| ) gives a relation between E^u^ap and C^,y. 

Requiring consistency of ( |2.16a,fc|) and (|]T3) , (|]T|) , (|]2l|) with (|2:8[) , (|2J0[) leads to 

{V + 2d- 2)A^p{x, y) = g^''{x)£^,^^p{x, y) - ^«^,.(y, x)(3' - 2C,^(y)5^(x, y) , (2.23) 



and 



{V + 2d)B,{x, y) + d,(3^ {Bj (x, y) - C, {y)5\x, y)) = g^^'T^.A^, y) - g,j (x, y)(3^ . (2.24) 



The identities obtained above are explored in the following sections in the particular 
cases of two and four dimensions after restricting to spaces of constant curvature, as given 
in ( p..2|) . On such homogeneous spaces {Oi) and also the curvature trace anomaly A in 
( p77|) are just constants and also 

(T^,(x)) = -^CpV(^)' (2-25) 

with C{g) dimensionless. The result ( p.25|) of course trivially satisfies ( p.5|) . Furthermore 
( p.6a| ) simplifies in this case to 

V^{T^,{x)T^p{y)) = -^Cp'' {dj'^ix, y) g^p{y) + 2V, {5^^^^ g^M v))) ■ (2-26) 
If we define 

{T^uix)Tc,p{y))con = {T^^{x)T^i3{y)) + p'^^giio^gup + g^ipguc. + gii,ygap)S'^ix, y) , (2.27) 
then 

V^(T^.(x)T«^(y))eon = . (2.28) 
8 



Using the definition (^]^) and also ( |2.13|) we find in general 

%^ ^7 J '^''yV9 9'"'ix)9''^iy){T^Ax)T^0iy))con - dC (2.29a) 



Applying the basic definitions in (|2.1| ) with (|2.2| ) , for the theory defined on a homogeneous 



space of constant curvature, we have the consistency conditions 

Since from {^) C = -{(3'{Oi) + ^)p"^, ( p3q ) implies the RG equation ( pJ6a| ) which 
now takes the form 



3. Two Dimensions 

In two dimensions the curved space trace anomaly for an arbitrary metric is just 
proportional to the scalar curvature so that in (p.7|) we may write 



27vA=^cR. (3.1) 
In this case in (|2.8| ) and (|2.1C1| ) we now take 

2nAcp{x, y) = |c(VaV/3 - ^a/3V^)5^(x, y) , 
2-KBi{x,y) = - ^dicR5'^{x,y) - ^WiV'^5'^{x,y) , 



which are in accord with (|2.11|) and where Wi{g) is a vector function of the couplings. 



Furthermore in two dimensions C^i, and £^u,ai3 are both zero so that ( p.l6a|) and ( |2.17| ) 
now become 

V{T^,) = , V{T^^{x)T^p{y)) = , (3.3) 
while in ( |2.166| ) and ( |2.19| ) we now assume 

2TxC, = -^d,cR, 27r^^,,,(x,y) = -ia,c(V^V,-(7M^V2)52(^,^/), (3.4) 
so that (|2.166| ) now reads 

2ti{{V + 2){0,) + d,l3^ {O,)) = -^d,cR. (3.5) 
9 



Finally in (|2.21 ) we take, for Gij{g) a symmetric tensor, 

2'Kg,jix,y) = ^G^jV^S^x.y) + ^d,djcR6^ix,y) . (3.6) 



With the expressions in (|3.2| ) and ( |3.4| ) the consistency condition (|2.23|) is identically 



satisfied. Inserting the appropriate forms into ( |2.24|) leads to the single relation 

diC — Gij(3^ — —CpWi — —/S^djWi — di/3^Wj . (3.7) 

If we define 

c = c + WiP\ (3.8) 

then (^]3) may be rewritten as 

a,c = {G,j + d^wj - djw^)f3' P'dfc = G^jf3'/3' . (3.9) 

We now show how the Ward and trace identities may be solved, after restricting to a 
homogeneous space of constant curvature, to give explicit forms for the two point functions 
with relations between them. Assuming ( |2.25|) we may take 

con 

= (V^ V, - g^^V^ - \g^,R)F{x, y) (^«% - "V^g^p - ^g^pR) , 
which satisfies ( |2.26| ) identically. In a similar fashion 

{2Tcf{{T^,{x)Oi{y)) - g^,{0,)S^{x,y)) = (V^V, - ^7^, - lg^,R)G,{x,y){-^^ - R) , 

(3.11) 

automatically satisfies ( |2.6^ ). Applying ( |2.8D with ( |3.2| ) gives the relations 

F{x, y) = G,{x, y)(3' + \c Ko{x, y) , (3.12) 

assuming Kq is a solution of 

(_V2 - R)Ko{x, y) = 2ti5\x, y) . (3.13) 

Explicit solutions of this equation are discussed later. For the case of the positive curvature 
sphere ( |3.13| ) has to be modified although this does not change ( p.l2|) or (|3.10|) . The RG 
equations for the two point functions in ( |3.10|) and (|3.11|) may now be reexpressed in terms 
of F and G^, 

PF(x,2/) = 0, VG,{x,y) + d^P^Gj{x,y) = -\d,cKo{x,y). (3.14) 
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If we write 

{2'Kf{0,{x)0,{y)) = ( - - R)H,,{x, y){-^^ - R) , (3.15) 
then we have from (|2.10|) 

Gi{x,y) = Hij{x,y)l3^ + \wiKQ{x,y) + ViKi{x,y), 
V, = l{w,-ld,c)R-2Tx[2{0^)+d,l3^{0,)), 

if 

(_V2 - R)K^{x, y) = Koix, y) . (3.17) 

Furthermore (|2.21| ) gives 

VH,j{x,y) + d,(]''Hkjix,y) + djP''H,kix,y) = -\G,,Ko{x,y) ~ S,,K^{x,y) . (3.18) 

for 

S^J = \{.G,j - \d,djc)R - 2Tididjf3^{Ok) . (3.19) 
Consistency of (|3.18| ) with (|3.16|) and (|3.14| ) depends on (|3.7| ) and also 

{V + 2)V, + d,(3^Vj = S,j(3^ , (3.20) 

which foUows from ( |3.7| ) and ( |3.5| ). 

At a fixed point, when /3* = 0, then 

27r(T^^)|^,^P = ^cRg^^ , (3.21) 

so that in ( |2.25| ) 27rC|^i=o = -F^c. From ( |3.12| ) the two point function in (|3.10| ) is also 
determined to be, 



{27cf{T^,{x)T^p{y)). 

|c(V^V, - g^^^V^ - \g^^R)KQ{x, y) (^«% - ^^g^p - \gc.pR) 



^'=' (3.22) 



6' 

neglecting contact terms. The overall coefficient is just c and of course the result is non 
local, not just a potentially ambiguous contact term. Explicit expressions are obtained 
later in section 8. In the same way from ( p.l6| ) Gi = ^WiGo + ViGi. Substituting in 
( ^.11| ), disregarding contact terms and using ( |3.7D in the expression for Vi gives 



{27vf{T^,{x)0,{y)) = (V^V, - y^^\/^)Ko{x, y) Ti{^w,R - 2'k{0,)) , 

Ti = 2bi + dS' . 



(3.23) 



r/ is the matrix defining the dimensions of the fields Oi. The result ( p.23| ) demonstrates 
that Wi is well defined at a critical point although it should be recognised that {Oi) is 
arbitrary up to terms oc dif R for any function f{g) of the couplings which leads to a 
corresponding freedom Wi ^ Wi + dif . 
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4. Four Dimensions 

As is well known in any even dimension beyond two dimensions there are several 
possible curvature dependent terms which may contribute to the energy momentum tensor 
trace. For four dimensions we take! 

167rM = cF-aG- hR^ , (4.1) 

neglecting a term oc V^i? which may be cancelled by a local redefinition of and where 

G = y''Pe^^^sR"^^..R'''ap = m'^^^^pR^^s] , F = C'^^^'C^p^s , (4.2) 

with C the Weyl tensor. G is a topological density which is reflected by its variation being 
a total divergence, 

KVaG) = ^-yV^ , = 2AR^^P^pV^5g'^^g,5 ■ (4.3) 

For general metrics then ( p.9|) gives 

16n^g''f'{y)Aap{x,y)= - 8aV^Vp{G''^S\x,y)) + 12bR{x)V^S\x,y) , ^ ^ 

(4.4) 

so that, for R not constant, the b term is not symmetric and hence the condition ( |2.12| ) 
requires 6 = if = 0. On a homogeneous space with ( |1.2|) then CapjS = and 

G=lR\ V^ = lR{ - VpSg^^ + V^g^pSg'^^)) , (4.5) 

so that in this case the anomaly reduces to just 

27i^A = -^aR"^ , a = a + 6b, (4.6) 

and using ([4.5D 

2tv^A^p{x, y) = -^aR{V^Vp - gc.pV^)5\x, y) . (4.7) 
Similarly we require in this case 

2n^B,{x, y) = ^d,d RH\x, y) - RVH\x, y) - V^VH^x, y) . (4.8) 
Since now C^i, = and 

27v^C^ = ^d^aR\ (4.9) 



2 For free fields c = ■j^{12nv + Btif + ns), a = ■^{62nv + llnp + ns) 
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the RG eqs. ( |2.16a, Uj) become 



(P + 2)(T^,) =0, (4.10a) 
2nmV + 4){0,)+d,(3^{Oj)) = ^d,dR\ (4.106) 

With the result (IJ) the definition (|]T|) may be expressed as 

+ lbRH^^^^p{x,y), (4.11) 

where £^p,apiy,a'y5p{x) is the projector at x onto tensors with the symmetry and traceless 
properties of the Weyl tensor C^upu^ 



Cpiupv C'[^(jj[p^j , Cp,[(jpi/\ 0, g ^C^ 



fj,api/ 



0. 



(4.12) 



An exphcit form for £'~' is given later by (8.21) for y = x. The term involving 8'--' in ( [4.11J ) 
is automatically conserved and traceless since, on spaces of constant curvature when ( |1.2| ) 
holds, for any C^crpv satisfying (|4.12| ) 



= 0, V^T. 



(4.13) 



(4.14) 



The remaining term H^iy^ce/six, y) in p.ll|) is then defined by 

H^„^ap{x, y) = V^V<^ {^(c^^li) 9pu ^"^{x, y)) + W^Wa {^{Jp) 9pii S'^ix, y) 

- {^{Jp) diicrgup 5^{x, y)) 

- gc^fB^fiVuS^ix, y) - gpuVc.VpS'^ix, y) + g^^go.pW'^d'^^x, y) 
+ j2^{3fjic.gup + gfjipgi^a + gpugocp)5'^{x, y) , 

and, with the conventions on covariant derivatives described above, this is symmetric 

H^^^apix, y) = Ho,p,puiy, x) , (4.15) 
and, for constant curvature, satisfies 

V'^i?^.,a/3(x,y) =0, H^,,^p{x,y)g''^{y) = -2{V pV^-g^.V^ -\gp.R)S\x,y) . (4.16) 
As a consequence of (|4.13| ) and ( |4.16| ) the form ( [1.1 1| ) satisfies 



V£f,r,,cf}{x,y) =0, 
27T^g'"'{x)S^,,^p{x,y) = 3bV^S''{x,y){^^^p - ^^g^p - ^g^pR) . 



(4.17) 
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In addition the corresponding quantities entering into ( |2.19| ) and (|2.21 ) may now be 
assumed to be given by (for a general metric then 27r^Ci may contain a term ^DiV^R, its 
variation according to (|2.2C| ) gives rise to the corresponding term below) 



(4.18) 



and 



27r'^,,(a;, y) = G,jV^V^5\x, y) + L,, RV''5\x, y) - i^d,d,a R^5\x, y) . (4.19) 
Inserting the results (|3)' (|4-17|) and (|4.18D into ( |2.23| ) then gives 



36 = D,^' . 



(4.20) 



This provides an alternative demonstration of the vanishing of the coefficient of the R^ 
trace anomaly at a fixed point. Imposing now ( |2.24| ) leads to two relations, 



and eliminating Di then gives an analogous formula to (p.7| ). 



jdia — Gijf]-' — CffUi , Gij — Gij — 3Lij , Ui — Ui — 3Yi . 



(4.21) 



(4.22) 



In order to apply these results we consider explicit forms for the two point functions 
for a homogeneous space of constant curvature given by 



{2n^fmx)0,{y)) = ( - - ^R)H,,ix,y){-^^ - ^R) 



(4.23) 



and 



i27T^f{{T^^ix)0,{y))-g^AO,)5^ix, y)) = {V^V^-g^.V^ - \g^,R)G,{x, y) (-^^ _ i ^) ^ 

(4.24) 

which satisfies ( |2.6£| ) . With the result (|48| ) the relation ( p.lOj ) leads to 



?,Gj{x,y) = P'H,^{x,y) - Uj 27r'S\x,y) + {Y^ - iUj)RKo{x,y) + V,K,{x,y) 



(4.25) 



where 



(_V2 - \R)Ko{x, y) = 2t:''5\x, y) , (-V' - \R)K^{x, y) = Ko{x, y) . (4.26) 
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As in two dimensions the equation for Kq must be modified in the positive curvature case 
as demonstrated for its exphcit solution found later. The RG equations ( |2.21| ) and ( |2.19| ) 
now become 

{V + 4)if,,(x, y) + d,f3''Hkj{x, y) + djP'^H^kix, y) 

= 2'K^5\x, y) - (L,, - lG,j)RKo{x, y) - S,,K^{x, y) , (4.27) 
S^3 = {i&d,dja - lG,,)R^ - 271^8,8,13^ {Ok) , 

and 

{V + A)G,{x, y) + 8,(3^ Gj{x, y) = -A 2t,^5\x, y) + \{\8ia - Di)RK^{x, y) . (4.28) 
Compatibility of ( [4.28| ) and (|4.27| ) with ( |4.25| ) , which requires 



{V + A)Vj + 8,(3''Vk = SjkP'' , (4.29) 

is guaranteed as a consequence of ( [4.21| ). 

It remains to find a general form for the energy momentum tensor two point function. 
For homogeneous spaces in general dimensions other than two this involves two independent 
tensor structures which represent spin 2 and spin 0. For the conserved two point function 
defined by 



{27v^f{T^,{x)T^p{y)),on = V''VP{£%^p,^o.M^.y)F2{x,y))'V^'V' 

(4.30) 

+ (V^V, - (7^,V2 - \g^,R)Fo{x,y){V^Vp - V - Ig^pR) , 

where £'^^apu,ajSi3{Xj y) is a bi-tensor, constructed explicitly later, which satisfies the sym- 
metry and traceless conditions of the Weyl tensor separately at x and y and which for 
X = y reduces to the projector S'-"^apiy,a'y6/3{x) introduced above. Both expressions on 
the right hand side of ( [4.30|) are automatically conserved, the first term, involving F2, 



using ( [4.13| ) is in addition traceless. It is important to recognise that the decomposition in 
( [4.30| ) is not unique. If Fq — ^ Kq, satisfying ( ^4.2(j| ), then this term is also both conserved 
and traceless for non coincident x, y and, as shown in section 8, any conserved traceless 
two point function can always be written in terms of an appropriate F2 for x ^ y. This 
therefore leads to the relation 

27T^H^,^^f3{x,y) = 8V''VP{S^^^p,,^^sf3{x,y)K2{x,y))^^^' 

, , , (4.31) 
- i(V^V. - (7^.V2 - \g^,R)Ko{x,y)(y^Vp - V^g^^p - Ig^pR) , 

for a suitable K2{x,y) where H^^jj^ap^x^y) is purely a local contact term. Due to the 
derivatives the right hand side of ( [4.31J ) is well defined as a distribution. By considering 
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the divergence and trace of both sides of this relation H^^^^pix, y) may be identified with 
the previous definition in (|4.14| ) since it is the unique form satisfying (|4.15| ) and ( [4.16| ). 
On flat space S'^ is a constant tensor and Kq and K2 are identical. 

Applying the decomposition in ( [4 .301) we may first note, by using the general relation 
I) with (14:21 and Q, that 



3Fo{x, y) = Gi{x,y)(3^ - j^aRKQ{x,y) . 



(4.32) 



In order to implement the RG equation ( |2.17| ) it is necessary to rewrite the result for 
£^,v,ai3{x, y), which is given by ( |4.11[ ), by using ( |4.31j ) in the more convenient form, 

2nH^,^^li{x,y) = Ay''yp{s%„p,,^^sp{x,y){c2n''5\x,y) + hRK2{x,y))^^ 

- h (V^V. - (7^.V2 - \g^.R) {5\x, y) + \RKq{x, y)) (V« V/j - V^^/,^ - \gc.pR) . 

(4.33) 

With this result the RG equations reduce to 



{V + 4)F2(x, y) = A{c 2n^d\x, y) + 6i?i^2(x, y)) , 
{V + 4)Fo(x, y)= - h{2'KH\x, y) + \RKo{x, y)) 



(4.34a) 
(4.346) 



It is important to note that (|4.34^ ) follows directly from the expression ( [4.32| ) and ( |4.28| ) 
so long as ( [4.2C1|) holds. 

The general results simplify if we restrict to a fixed point where /3-functions vanish. 
The expectation value of a single energy momentum tensor becomes 

167r^(T^^)|^,^P = -^aR^g^^ , (4.35) 

or in (|2.25|) 27r^C|^i=o = 3a. From ( [4.25|) we must also have 

{2nY{T^,{x)OM)\f3.=o = - (^mV. - lg^,.V^)Ko{x,y) ^Ti {^U,R^ + 27v\Oj)) , 

r/ = 45/ + d,(3^ , (4.36) 

which is the extension of ( |3.23| ) to four dimensions. This provides a definition of tJi at 
a fixed point. In the energy momentum tensor two point function Fq = —^aRKo, from 
( [4.32|) , and using (|4.31| ) we may write 

{27vY{T^,{x)T^M)con\f,.^0 = V'^V''(^^^.p.,a^5Mx,2/)F2(x,2/))^^V^ 

+ ^aR27T^H^,,^p{x,y), (4.37) 
F2{x,y) = F2{x,y) - \aRK2{x,y) . 

Hence in this case, apart from a contact term, there is only the manifestly conserved and 
traceless spin 2 contribution to this two point function. 
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5. Geometrical Results for Spaces of Constant Curvature 



In order to find more explicit expressions for the two point functions considered above 
we discuss here some geometrical results which allow natural expressions for the two point 
functions on homogeneous spaces of constant curvature to be found. A related discussion 
was given by Allen and Jacobsen [|2^ but there are differences in derivation and also 
application. 

Our starting point is the geodetic interval a(x, y) which is a bi-scalar defined for any 
curved manifold which is unique for x in the neighbourhood of y and which satisfies | 2^ , 

g''''d^ad,a = 2a. (5.1) 

On flat space a{x,y) = — y)^. For a homogeneous space of constant curvature then 
any T^,y...(x, y), which transforms covariantly under all isometrics as a tensor at x and a 
scalar at y, may be expanded in a basis formed by d^a{x, y) and g^vix) with coefficients 
functions of a{x,y) [^. Thus we may write 

= g^r, f{a) + df,ad„a g{a) . (5.2) 



Since, from (|5.1| ), V ^Vi^ad'^a = df^a, we have 

f{a) + 2ag{a) = l. (5.3) 
Imposing [V^, V^^jVi^a = -R^uafidpa on (|]|) gives using (|L|) 

/'(a) - f{a)g{a) = V , (5-4) 
or defining a = so that 9/p is the geodesic distance from x to y, 

o^f-f{i-f) = Te'. (5.5) 

With the boundary condition /(O) = 1 the solutions are 

For the sphere 9 is the angular separation of x and y and we may restrict 0<9<n,9 = 7T 
corresponds to x and y being antipodal points.l 



^ If we define tlie bi-scalar A(x,y) = det{—d^ij{x, y)da)/ \/ g{x)^ g{y) then solving the 
equations in [23| gives A = [6/ tan^)"^^^, [6/ tanh^)''^^. For the spherical case the divergence at 
= TT is a reflection of this being a caustic. 
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For any bi-tensor, T^u...,ai3...{^^y)^ then the basis for expansion may be extended to 
include a{x,y)dQ., which transforms as a covariant vector at y, and also the bi- vector 
g^a{x, y) = —dfj_a{x, y)da as well as Qapiy)- In practice it is more convenient to introduce 
I^a{x,y) which gives parallel transport of vectors along the geodesic from y to x. This is 
defined by 

a''Vp/'^a=0, I>'^{x,x)=5^^. (5.7) 
For homogeneous spaces as considered here we may write the general form 

I tie = 9tia a{a) - d^a ad^ b{a) . (5.8) 



Inserting this into (|5.7|) and using ( ^.l|) ,(pT2| ) ,( |5.3|) gives 



a {a) + g{a)a{a) = Q , ^ (a((j) + 2a6(a)) = . (5.9) 

Solving these with the boundary condition a(0) = 1 gives 

sin^ sinh^ 



a 



h ='-{!- a). (5.10) 



6* ' 6* ' 6*2 
An important consistency check, which follows directly from (5/7), is that 



I^al^jLfi = 9ap , I^ialv"" = 9 ^jlv , (5-11) 

and further we have 

df,a{x, y)I^o,{x, y) = -a(x, y)X . (5.12) 

In the following sections these results are used to to obtain a natural form for the 

tensorial expansions of two point functions whose coefficients are functions of the biscalar 

9{x,y). It is convenient to use, as well as the parallel transport bi-vector /^q,, a basis 
formed by x^ and ^q,, which are unit vectors at x, y, given by 

d^0 = pX^, e'da = pya , Xiil^a = -Va , IfTVa = -Xf, , (5.13) 

using ( |5.11j ) and ( ^.12|) . With these definitions (|5.2| ) and ( |5^ ) then become 

Vf^x^ = p cot 9{g^^ - Xf^x^) , pcoth9{gf^^ - x^x^) , (5.14) 
and also from (|5.8| ) and ( |5.10| ) we have. 



^/i^a = - pcosec 9{I^^ + x^yo,) , -pcosech6'(/^a + x^ijo,) , 
V^/j.a = ptaiv\e{gi^^yc, + x^I^^) , -ptanh^eig^^ya + x^I^^] 



(5.15) 
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For the spherical and /ua are singular when 6 = n and a;, y are antipodal points. 

Using (|5.14| ) it is easy to verify 



6. Conformal Symmetries 

At a renormalisation group fixed point quantum field theories are additionally con- 
strained by conformal invariance. Conformal symmetry may be extended to spaces of non 
zero curvature by seeking conformal Killing vectors which satisfy 

'^^lVl, + V^Vf^ = 2wg^u, w = ^ V-'y . (6.1) 

On fiat space the solutions are well known. We show here how it is similarly possible 
to solve ( |0| ) on homogeneous spaces of constant curvature without any restriction to 
particular choices of coordinates.!^ From (|6.1|) and (|l]3) we first derive an expression for 
two covariant derivatives of v 

VaV^t;,^ = Tp'^iQa^Vi, - gcTiyV^) - g^fid^w + g^ud^w + g^^daW . (6.2) 

Also by contracting with V^V^ we may obtain! 

{d-l)V'^w + Rw = Q, (6.3) 

and by using this with (|6.1| ) together with {d — 2)VuW = — (V^ + ^R)v,y, which also follows 
from ( |6.1| ) , we find for d 2 

VySvW = TP^QfiuW . (6.4) 

This is easily extended to arbitrarily many derivatives 

2 n ^ ) 

and then applying the covariant Taylor expansion, which for any scalar F takes the form 



H 



F{^) = E V"' ■ • • (-l)"V(a, • • ■ V«„)F(y) , a'^ix, y) = g^^{y) a{x, yfdp , (6.6) 



ni 

T1 = 



However writing the metric in a conformally flat form g^i, = Q^S^u then if v'^ is a solution 

of the flat space conformal Killing equation it remains a solution for the metric Qfj.^- 

^ This demonstrates that there is no solution with w = 1 if i? 7^ so that there is no dilation 

current = T^^Vu satisfying V ^ij^ = g^vT^^ except in flat space. 
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leads to 

1 1 

w{x) = cos 9 w{y) sinO y-dw{y), coshO w{y) sink 9 y-dw{y) . (6.7) 

P P 

This result demonstrates that w{x) is determined completely by the values of w and daW 
at any arbitrary y so that there are d independent forms for w (for i? > from ( |6.3| ) 
these correspond to the (i + 1 normalisable eigenvectors of — with eigenvalue dp^). If 
we define 

= -'^^Jiu , (6.8) 

then from (|6.2| ) and (^j^) we get 

± ^ (^(a*iM2 • • • ^M2„-iM2„)^^«' - 29(/,,«; ^(^2^3 . . . g^^^)^) } , (6.9) 



Applying the Taylor expansion ( |6.6D to If^"{x, y)va{y) leads to 

v,ix) = I,- { vM ± {y<y) ^ ^d^y) ± yj-dw{y) y^) 

~^sinhV^"^^^^^'' + ^^^^^"^}' ^^-^^^ 



It is straightforward to verify, using (|5.14D and (|5.15|) , that ( |6.1C1| ) and (|6.7|) satisfy ( |6.1|) . 



Besides w and daW the general expression for v^{x) is determined by Va and cUq,^ at some 
arbitrary y, giving ^{d+ l){d+ 2) linearly independent vectors. Taking y = it is easy to 
see that (|6.10|) and (|6.7|) reduce to the standard results for flat space with v^{x) quadratic 



and w{x) linear in x. From the definition ( |6.8|) we may also derive 

^M-(^) = /M°//|wa/?(2/) T ginhV^t"(^''^l^^^ ^ ^^pMy)) ± /coshr-^l)^^[°'^^l^^" 

(6.11) 

Using the above solutions for conformal Killing vectors, which are specified by 
v'^,u'^j3,w,d%u, it is straightforward to calculate the Lie algebra of the associated vec- 
tor fields, 

[VUV2]^ = -V3^ V3'' = t0f.V2''-Vi''W2~{1^2). (6.12) 



Using (|6.10|) , (|6.7|) and ( |6.11| ) this is identical with the algebra of matrices W, 

[Wi,W2]=Ws, (6.13) 
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where 



_ I -r^, 1. ^ ^ 



Since, for 



W^B = I Tpvp - ^^dpw w \ . (6.14) 

^dpw w 



Gab = \ ±1 , (6.15) 




we have 

Wab = GacW^b = -Wba , (6.16) 

it is clear that ( |6.1ij| ) corresponds in both cases to the Lie algebra of the (i-dimensional 
conformal group 0((i + 1, 1). If we restrict to Killing vectors for which = it is also 
evident that the algebra reduces to that for the isometry groups 0{d+l) or (9((i, 1) for S*^ 
or H'^ respectively as expected. 

For construction of conformally covariant expressions for correlation functions it is 
necessary to construct bi-scalar functions of x,y which transform homogeneously under 
such conformal transformations. In consequence we consider the generalisation s of the 
flat space {x — y)'^ which is required to satisfy 

{v''ix)d^ + v''iy)dc.)s = (wix) + wiy))s. (6.17) 



Writing s{6) the left hand side of ( |6.17| ) involves 

p(v^{x)x^ + v°'{y)ya) = tan ^6 [w{x) + w{y)) , tanh ^9 [w{x) + w{y)) , (6.18) 
from (|6.1C1| ) and (|6.7|). Hence (|6.17| ) becomes 

= cot^s , cothi^s. (6.19) 
dy ^ ^ 

Imposing the boundary condition that s ^ as x ^ y gives the solution 

p2s = 2(l-cos^), 2(cosh^-l), (6.20) 

so that y/s may be interpreted as the chordal distance between x and y. For the hyperbolic 
case it is useful also to define 

p'^s = p'^s + 4 = 2{coshe + l). (6.21) 

Any power also transforms homogeneously under conformal transformations, as in 
( |6T7| ), and ( |5J6| ) gives 

(V^ ± p'^X{X -d+ l))s-^ = A(2A + 2 - d)s-^-^ . (6.22) 

21 



Using the bi-scalar s we may further define a bi-vector by 

4— 2 

-d^lns{x,y)da = —, zT^,^{x,y) , (6.23) 

which gives 

X^Q, generahses the inversion tensor to spaces of constant curvature and, from ( ^.11|) and 
( p.l2|) , we have I^ctlfip = dap- From its definition ( |6.23[ ) and ( |6.17| ), with (|67^), we have 

{v^{x)d^ + v'^{y)dc)l^,c{x,y) = u}/{x)l^c,{x,y) + u}J{y)l^p{x,y) . (6.25) 

For the positive curvature case since s(x, y) is single valued for arbitrary x, y ( |6.23|) also 
ensures that X^q is well defined at 6* = tt. 

For later reference it is useful also to define related bi-vector 

Ifj.a = -^d/j^s^da = + {1 - cos9)x^ya , /^a - (cosh 6' - l)x^?/a , (6.26) 
which satisfies 

"^filiya = 9iiu sin e jjc, , -Qfj,^ sinh 9 y^, . (6.27) 



7. Spinors 

For spinor fields we may define, using vielbeins as usual, Dirac matrices 'jfj,{x) satis- 
fying {7/x,7;/} = '2g^u- The essential geometrical object for our purposes is the bispinor 
/(x, y) which acting on spinor at y parallel transports it along the geodesic from y to x. 
This satisfies 

x^V^/ = 0, /(x,x) = l, (7.1) 

where = d^+uj^ is the spinor covariant derivative. For a homogeneous space of constant 
curvature we follow a similar approach to that of Allen and Liitken in four dimensions |p5|| 
and express the covariant derivative in a form compatible with (|7.1| ), 



V^/(x,y) = -ipa(6')(7/,7-x - x^)/(x,y) . (7.2) 



Using (|5.14| ) we may then find 



V[^V^]/(x,y) = ia(a + cot6')7[^7^]/(x,|/) - i(a' - - a cot 6')x[^7^]7-x/(x, y) , 

1 1 o \ ) 

■^a{a + coth6')7[^7j^]/(x, y) — -^{ol — a — a coth 6')x[^7,^]7-x/(x, y) . 
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For a spinor t/; the commutator of covariant derivatives is given by 

[V^, Vt.jV' = iRaptiuS'^^i^ = ±p^S^^^ , S^^ = |7[M7i^] , (7-4) 

using (|1.2| ). Applying this integrabihty condition to (|7.3| ) leads to equations for a which 
are readily solved giving 

a = tan ^9 , tanh ^9 , (7-5) 



and hence (|7.2| ) becomes 

W^I{x,y)= - ptani6' i[7^,7-£]/(a:,?/) , -ptanh ^6* i[7/,, 7-x]/(a;, y) 



(7.6) 



I{x,y)^a = ptani6'/(x,y)|[7a,7-y] , ptanh i6'/(x, y)|[7a, 7-y] . 
The spinor parallel transport /(x, y) is easily seem to satisfy 

I{x,y)I{y,x) = l, (7.7) 

and also 

/(x, y)-fj{y, x) = 'j^I'^aix, y) , (7.8) 

which may be verified my applying a covariant derivative to both sides, using ( |7.6D with 
(^) as well as (|TB|). 

It is also useful to define 

J(x, y) = 7-x/(x, y) = -/(x, y)-fy , (7.9) 

which plays the role of the inversion matrix on spinors analogous to the inversion tensor 
( |6.24|) . It is easy to see, using ( [7.8| ), that 

tr(7^/(x,y)7a/(y,x)) =25%^(x,y), tr(7^T(x, y)7aJ(y, x)) =2^%^(x,y). (7.10) 

and from (17. 91) 



T(x,y)J(y,x) = -l. (7.11) 
From (|7.6| ) and (^]^) we may also easily obtain 

V^J(x, y) = pcoti6'i[7^,7-x]J(x,2/), pcothi6'2[7/,,7-x]J(x,y), 
J(x,y)Va= -pcoti6'/(x,2/)|[7o.,7-y], -p coth i6' /(x, ?/)i[7a, 7-y] . 

The importance of X is that it transforms homogeneously under conformal transformations 
similarly to ( |6.25|) since from (|7.12| ), using ( |6.1C1|) and (|6.11| ) and the spin matrices defined 
in O, 



(x) V^J(x, y) + J(x, ?/)^at'"(y) = \uj^,{x)s''-X{x, y) - J(x, y)iu;,^(y)s"^ . (7.13) 
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Using the above results it is easy to construct a spinor Green function satisfying 

rV^.S{x,y) = 5\x,y), (7.14) 

which are then given by 



^(a:,y)+ = -^-T^X(x,y), 



(7.15) 



where 



Sd = T^,. (7.16) 

In the negative curvature case there are two inequivalent Green functions which correspond 
to two alternative boundary conditions and are appropriate for different spinor represen- 
tations ||2^i. The boundary conditions in either case violate chiral symmetry. 

Following and ||2^ we may also construct a Killing bispinor which satisfies the 
Killing spinor equation at x and at y. Consistent with (|7]^) a Killing spinor e satisfies 

Such spinors allow the construction of solutions of the Dirac equation in terms of those for 
a scalar field since if 

V'= ((-7-5 + A±p)0)e±, (7.18) 

then 

(- V^ + ^||^~^^^ i^)(/> = ^ 7-V^ = if A± = T|i(rf-2), Ti(rf-2). (7.19) 

Writing the Killing bispinor in the general form S{x,y) = p{6)I{x,y) + q{9)T{x,y) and 
using (|7.6|), (|7.5D and ( |7.12| ) then leads to differential equations for p,q which are easily 
solved, 

5± = cos ^91 ±ism \ei , cosh \ei ± sinh \eX . (7.20) 

These satisfy 

V^5± = ±p\i-i^S^ , ±p\l^.S^ , >S±Va = Tp\iS^lc. , Tp\S^lc. , (7.21) 
and hence for any solution of ( [7.17| ) we may write 

e±(x)=5±(x,y)e±(2/), (7.22) 



In [2C] the ± is replaced in four dimensions by an arbitrary phase e^^'^^ . 
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so that the general solution is determined by a fixed spinor at any arbitrary point y. This 
gives solutions coinciding with those found with particular coordinate choices ||27|| . It is of 
course possible to form Killing vectors from Killing spinors, this is exemplified here by 



V^S {y,x)'j^S+{x,y) = Qf,^ piS (y, x)S+{x,y) , g^^ pS (y, x)5+(x, y) , 
V(^5+(2/, x)7^)5+(x, y) = 0. 

Furthermore from (|7.20|) 

c-r \ c+r \ T c,\ (1-COS6') _ isin6' . ) 

S (y^xh.S {x^y) = I, ^^^^^^ _ ^^rVV. - ^^^^V.] . 

S+iy,xh,S+ix,y) = 7a ± /l;"!^'''" ~ sinh^ i[7«,7/3]/} , 

which are in accord with the general form exhibited in (|6.10| ). 



8. Two Point Functions on Spaces of Constant Curvature 

In this section we obtain a general decomposition for the two point function of the 
energy momentum tensor for arbitrary dimension d using the geometrical results of the 
previous section. For simplicity we confine our attention here to the positive curvature 
sphere S'^ although they are easily extended to the negative curvature case using the usual 
correspondence between trigonometric and hyperbolic functions. The critical formulae are 
displayed in appendix A. 

It is convenient first to consider r^^{x,y) which is a symmetric tensor at x and has 
the form 

r^,{x,y)=Xf,x^A{9)+gf,,B{9). (8.1) 
Imposing the conservation equation V^r^;^(x,y) = 0, using ( ^.14|) easily gives 

A' + B' + {d-l)coteA = 0. (8.2) 

Imposing also the traceless condition g^^ {x)V ^^{x,y) = 0, or A + dB = 0, leads to a 
solution 

r^^(x,y) = KisinOy^idx^x^ - g^^) . (8.3) 

However such a solution is unacceptable due to the singularity at 6* = tt, although there is 
no difficulty with the corresponding solution in the hyperbolic case when sin^ —>■ sinh^. 
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The corresponding results for the two point function of the energy momentum tensor 
are less trivial. The general form for a bi-tensor r^^, Q,^(a;, y), symmetric in and a/3, 
may be reduced to six independent functions of 9 

. X (8-4) 

For symmetry, r^,,,„^(a;, = rap,f^^{y,x), it is clearly necessary that 

Ui = U2 = U, (8.5) 
and imposing tracelessness, g^^T ^^^^tp = ^ ^.v,ai39°'^ = 0, further requires 

Pi=R-AS + dU = P2=2T + U + dV = 0. (8.6) 

In two dimensions the basis used in (|8.4|) is overcomplete as a consequence of the identity 
{lf^cX„yp + H u,a ^ P) +If^c,Iup + I^lpIuc, + 2{xf^Xl,go,|3+yayp9^Iu-9^lugap) = 0. (8.7) 



In order to impose the conservation equation V^F^,^ q,^(x, y) = we make use of 
( p.l4| ) as well as ( p.l5| ) giving in terms of the expansion (|8.4|), 



R' - 2S' + U2 +{d- l)(cot ^ i? + 2 tan ^) + 2 cot 5 - 2 cosec ^ C/2 = , 
^'-T' + rfcot^5 + rftani^T-cosec^[/2 = 0, (8.8) 
t// + V"' + (c^ - 1) cot ^ t/i - 2 cosec ^ 5 + 2 tan T = . 

Requiring the symmetry condition (|8.5| ) of course guarantees that F^^, q,^^" = as well. 
For subsequent use it is convenient to rewrite (^]^) . With the definitions ( p^ ) , and assum- 
ing (fj.5D, we have 

P/ + P2' = -{d - 1) cot ePi . (8.9) 

In addition defining 

Q = 2T+^^{R-4S), (8.10) 
then gives (equivalent equations for d = 4 were found in P^), 

Q' + dcot9Q + ^Pi = -2dcosec6{S -T) , (8.11a) 
{S -T)' + dcote{S -T) = -cosece-^^{Q+ {d-2){d+l)T) 

+ cosec 9 -Pi. (8.116) 
d 
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Hence, if Pi = P2 = there are just two independent equations and in this case knowing 
Q in general determines R, S, T. 

In two dimensions these relations provide stronger constraints since on the right hand 
side of ( ^.11^) AT -\- R — AS = 2Q (it should be noted that R and T — S are independent of 
ambiguities that arise from (|8.7|) ). Taking the sum and difference of (|8.11a, Jjjj then gives 

R' + 2 cot ^OR + Pi =2 cosec 9 Pi , (8.12a) 
{R-8S + 8Ty -2tSin^e{R~8S + 8T) + Pi = - 2 cosec ^ Pi. (8.126) 

If Pi = there is a straightforward solution 

R = C , R-8S + 8T = 0, (8.13) 

sin ^9 

where we have imposed the condition that there are no singularities at ^ = tt. 



Explicit forms satisfying ( p.8| ) may be found in terms of the two independent terms 
displayed for d = 4 in ( [4.30| ). Initially we consider the contribution corresponding to spin 
zero intermediate states 

^o,fiu,cp{x, y) = (V^V^ - fi'^xi.V^ -{d- l)p^g^^)Fo{e) (Va% - ^"^g^fi - {d - l)p^gcf}) ■ 

(8.14) 

To evaluate this we first write 

Fo{e){^a^p - ^^gc^p -{d- l)p^gc.p) = VaVpA + g^pB , (8.15) 

where A{9), B{9) are given by 

A = p2 (^Fo - cot e Fo) , B = -p^ {Fo' + {d-2) cot 9 Fq + {d - l)Po) ■ (8.16) 

These expressions automatically satisfy ( |8.2|) . Inserting (|8.15|) into (|8.14|) , for general A,B, 
further gives 

cosec 9 cot 1^ A) , 
So = p'^{ — cosec 9 A' + cosec 9 cot ^9 A) , Tq = cosec^ 9 A , 
t/0,1 = p2 i^B" - cot 9 B') , t/0,2 = -P^ {A" + {d-2) cot 9A' -{d-1) (2 cosec^ 9-1) A), 
Vo= - p'^{B" + {d- 2) cot9B' + {d-l)B + 2cosec^ 9 A) . (8.17) 

It is easy to verify that these satisfy ( |8.8D and, given the results for A, B in ( |8.16D , that 



the symmetry condition (|8.5|) also holds. With the definitions in (|8.6|) and also (|8.5| ) we 
may note that 

Pi + P2 = -p'^{d - 1) ( cot 9{A' + dB') + A + dB), (8.18) 
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which may easily solved for A + dB up to A + dB ~ A + dB + k cos 9, reflecting the freedom 
of adding a solution of the homogeneous equation. Consistency of (|8.18| ) with ( p.l7| ) and 
( ^.5|) requires (|8.9|) . Furthermore we may obtain from ( |8.16|) 

A + dB = -{d-l){V^Fo + dp^Fo) , (8.19) 

which may be inverted to determine Fq if the constant k in the solution for A + dB is 
chosen to make this orthogonal to cos^ as this is a zero mode for + dp^. Hence from 
( P.16|) we may flnd A, B separately and then from (|8.17| ) obtain Rq, Sq^Tq^Uq, Vq satisfying 
the conservation equations. Since Pi is determined by ( p.9| ) these functions reproduce the 
same Pi , P2 in ( |8.6| ) as obtained from the original R, S, T, U, V. 



Besides ( |8.14|) we may use ( [4.13| ) to obtain a second solution of the conservation 
equations by taking, as in ( [4.30| ), 

r2,^.,a/?(x,y) = V"V''(^^^.p.,a75/5(^,2/)^2(^))^'^^^ (8.20) 

where for general d the bi-tensor may now be expressed explicitly in terms of the 
parallel transport matrix / defined in (|5.7| ) by (if (i = 3 then S*^ = 0), 



I {gfipQcSla-yluP + QfipQaSlapIuj - /U (T, Z/ ^ p, Of ^ 7, 5 ^ /?) 



d-2 
I 

+ _ 2)((j - 1) 2 {dt^pdi^a - 9fiu9ap) [ga&gp-y - QaPQjs) ■ (8-21) 

For X = y, when I^^ = g^ia, this reduces to the projector onto tensors with the symmetries 
and traceless conditions of the Weyl tensor for general d given ( |4.12D . To evaluate ( |8.2U| ) 
we may first obtain 

-F^ap.,a/?(x, y)G{6) = {£'^,,apu,c.^5pix, y)F2(^))^^^^ , (8.22) 

where the bi-tensor J-'f_icrpv,ap, which is a symmetric traceless tensor at y, is given by 

^,.p.,a/3 = {i.^ipp + i.pip. - I g.pg.p) -p^a,u^p 

■ {gfiuXap,aP - p ^ a,U ^ p) 



d — 2 

4 (8.23) 

+ (^d-2){d-l)d ^^^p^""" ~ Sfiugap) {dyc^yp - gc^p) , 

2 

Xap,aP = laalpP + laplpa + {laaXpyp + Cr^p, + - {2x^Xp - gap)gaP , 
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and 



8G = (F/ - coiOF-i - 2{d - 1) tan ^6 F2 +{d-l){d- 2) tan^i^Fs) . (8.24) 

Using ( |8.22| ) in (|8.20| ) gives an expression which automaticaUy satisfies the symmetry and 
traceless conditions ( B-5|) and (|8.6|) for any G and corresponding to the general form ( |8^ ) 
we have solution of ( |8.8|) given in terms of 

i?2 = \g" + (2d - 3) cot 6* G" - 2(rf + 1) cosec 9 G' 

d — iy 

+ {{d -l){d- 2) cot^e -2{d+l){d-2) cot 6 cosec e + {d'^ +d + 2) cosec^^) cj , 

= Sg" + {2d - 3) cot 9 G' - + cosec 9 G' 

d — 2 I d — 1 

+ ((d-l)(d-2) 00^9 -(d- 2)2 4^ cot 9 cosec 6* - 7 ^ ^ cosec^^lcl , 
V a — 1 a — 1 /J 

T2^p^^^ iG" + (2d-3) cot9G' 
d — 2 { 

+ [{d-l){d-2) 00^9 - "^^'^^^ cosec26') cj . (8.25) 



If the traceless conditions (|8.6|) are satisfied then the expressions given by ( |8.25| ) are 
generally valid. This is easily seen since, with the definition (|8.10D in terms of R2, 5*2, T2, 
we have 



Q = p22(cf-3)rf^^cosec2^G', (8.26) 

and ( |8.11a, fc| ), with Pi = 0, are equivalent to ( |8.25| ). Conversely for arbitrary R,S,... 
satisfying ( ^78|) we may first solve (|8.18|) and (|8.19[) to obtain Rq.Sq, . . . and then define 
i?2 = R — Rq, S2 = S — So, . . . which must necessarily satisfy ( |8.8|) as well as Pi = P2 = 0. 
Hence defining Q in ( |8.1C1| ) in terms of these P2 5 'S'2 , . . . ensures through ( |8.26| ) that they 
may all be expressed as in ( |8.25| ). Furthermore P2 may be found by solving ( |8.24| ) in 
conjunction with ( |8.26|) which may alternatively be expressed as 



d2 



d.-^ - id'-mlll) -'-''^^ ^^i(l + cos.). (8.27) 

Assuming Q and P2 are non singular aX w = ensures a unique solution. In consequence the 
general bi-tensor F^j^ q,^ as given by ( p.4]) subject to the conservation equation V^F^^, q,^ = 
may be decomposed into spin and spin 2 pieces, 

y) , (8.28) 
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where the two independent expressions are given by (|8.14|) and (|8.2C1| ). 

As an illustration which is relevant for the case of conformally invariant theories, for 
which Pi = P2 = 0, we may consider 

lR = S = 2T = Q = C^= C(|p2)d(i (g^g) 



when ( |8.27|) may be integrated to give 



d-1 



F2 = C{\p'Y-' ^d_^]dHd+ir ^ + 2; u;) . (8.30) 



9. Ambiguities in Spin - Spin 2 Decomposition 

In the previous section we showed how the energy momentum tensor can be decom- 
posed into a spin 2 traceless part and a spin contribution determined by the trace, as in 
( p.28|) with ( p.20|) and ( p.4|) . However the spin part may also result in a traceless expres- 
sion for {T^^{x)Ta/3{y)) if Fq is proportional to the Green function Kq for — — -^^-R, 

Foie)=Cop''-^Koie), (9.1) 

This Green function is constructed in appendix B. In the positive curvature case, since dp^ 
is an eigenvalue of — V^, this satisfies 

(-V^ - dp^)Ko{9)+ = Sd6\x,y) - kdp'^cose. (9.2) 

Determining A, B from ( |8.15| ) and ( ^.16 ) ensures they satisfy Q and from O 



A + dB = -{d-l)kdCose . (9.3) 

Although the traceless condition A-\-dB = is not satisfied the corresponding expression for 
^o,^jLu,a,i3 is since (V^Vj, — fi'/xi/(V^ + p^)) cos 6* = 0. For general d A, B are not expressible in 
terms of elementary functions but for d = 2,4, either by solving ( |9.3| ) with /c2 = 3/2, = 
15/4 or by using the explicit form for Kq given in appendix B, we have 



A = Co(^^ + ^p^cos6'j , d 



A ^ Co(^^{2 + ph) + Ip^cosO 



(9.4) 



(i = 4. 



Applying ( ^.17|) for d = 2 then gives, if we make use of (|8.7|) to set C/q = 



iRo = ^So =To = -Vo = ^. (9.5) 

s 
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Assuming ( |3.22| ) requires taking Cq = and, using ( |6.24| ), gives the following simple form 
at a fixed point 



47r\T^,{x)T^p{y)). 



(9.6) 



1/3^=0 g1 

In two dimensions this the unique expression, as expected from the solution obtained in 
( fj.l3| ), since the contribution corresponding to V2^^u,ai3 is absent. When (i = 4 we may 
also obtain 



2 2 

To = Co^(4 + 3p2s + liphf) , ^0 = Co^(24 + Sp^^ + lip'sf) 
s s 

i?o = Co^(96 + 12p2s + (p2s)2), 

s 



In this case if we use (|8.10|) we find 



(9.7) 



Qq — 80Co 



(9.8) 



(9.9) 



and inserting in (|8.27| ) gives 

In consequence the two point function may be equivalently be expressed in terms of F2, 
i.e. for F2 determined by ( |0| ) inserted in ( |8.24| ) and hence ( |8.25| ) we have R2 = Rq etc. 
This corresponds to the existence of K2 in ( [4.31|) and by solving (|9.9|) we may find 

2 

K2 = + Uw -w^ + 6(2 - w) ln(l - w)] . (9.10) 



For the negative curvature case there are no complications due to zero modes as 
reflected in (^). In this case A, B satisfy the traceless condition A + dB = and the 
dependence on 9 is simple for any d, 

d 



A = Cop 



2d-2 



(9.11) 



(sinh6')^ ■ 

For d — 2 the results, setting Uq = as before, involve essentially two independent terms 



jRq — Sq — 12Co -IT 



(9.12) 



Inserting these expressions into (|3.22| ) with Co determined in terms of c as above now gives 



1/3^=0 



^2 (^fJ-ce-^i/fB -^^P-^T/a d^.vda-P 



(9.13) 



s 
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Prom (|9.11j ) for any d we may find using ( 8.10 ) 



Q.-C-op-^-^-Mj^iiyjlj?^, (9.14) 

and for (i = 4 the complete expression for V2,^,v,ai3 is given by 

,„ 8 1 n 8 5 cosh 6' +1 „ 8 ^ cosh^6' + 5 cosh 6' + 2 .„,_s 

smh u sinh (/ smh (/ 

As in the positive curvature case we may solve the equivalent equation to ( p.27|) , given in 
(A. 10), to determine a corresponding F2 which gives identical forms for R, S, T with U, V 
determined by ( |8.6| ). In our later discussion of the spectral representation we show that 
the resulting F2 cannot be accommodated by imposing the unitarity bound on possible 
spin 2 intermediate states. 



10. Free Fields 

It is important in order to understand what results may be found from an analysis of 
the two point function on spaces of constant curvature to calculate the possible forms at 
renormalisation group fixed points. To this end we first consider the results for conformally 
invariant free field theories, free scalar and fermion theories in general dimension d and 
abelian gauge fields in dimension four. In each case we initially consider the theory on a 
sphere, with > 0, avoiding boundary conditions which are necessary for the hyperbolic 
case when R < 0. 

The free conformally coupled scalar field (p satisfies, on a space of constant curvature 
where ( p..2| ) holds, = (— ± \d{d — 2)p^)(j) = 0. The associated energy momentum 
tensor may be written in various equivalent forms but here we take 

T^u = d^<l>d,<P - ^ ^ ((rf - 2)V^V, + g^^V^ ^ (rf - l)(d - 2)pV-)(/)2 , (10.1) 

which is conserved and traceless on the equations of motion.0 Correlation functions for 
the energy momentum tensor and other composite fields are determined in terms of the 
basic scalar field two point function which for the sphere may be taken, with s the chordal 
distance defined in ( |6.20|) and Sd given in ( |7.16[ ), as 
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It is first useful to verify 

(T^,(x)(^2(2/))+ = 0, (10.3) 

and then we may obtain for the two point function of the energy momentum tensor 
Si{Tfj,„{x)Tap{y))+ the form given in (|8^ ) with 

2T+ = ^+ = ii?+ = -ly_ = ^l, U+ = 0. (10.4) 



The actual result may be written simply, using (|6.24|) , in the form 

Sd {T^iuix)Toil3{y)) + ,contorinal = ^ (y\{^^j.a1vl3 + ^fiislua) — ^ g^iuQaP^ , (10.5) 

where 

(10.6) 

Comparing with ( |9.6| ) for d = 2 gives c = 1 as expected, the expression ( |10.5[ ) is just what 
would be expected by conformal transformation from fiat space. 

When the scalar fields are considered on the negative curvature hyperboloid if^ bound- 
ary conditions are necessary. For Dirichlet boundary conditions the basic two point func- 
tion of the conformally coupled scalar field becomes 

113^(3^- 54^) ■ 

Unlike ( |10.2[ ) this is well defined as (i 2. In this case, in contrast to (|10.3| ), we have 

S2{T^.{x)<t?{y))- = \ - g^.) . (10.8) 

Using this result then we may find, after some calculation, the corresponding expressions 
to ( |10.4D for {T^t,{x)Tap{y)) - in this case which are given by 

.J .^rT. 1 ,n 1 2 \ d-2 4 

(rf-l)T_ = id --^ + --— 



s'^ (ss)^'^J d-1 p^(ss)^'^+^ 

{d-l)S- =d(^ -d^j^({d+l) cosh 9+1) iy— 



{d-l)R. = d(^ + {d'~4)-^ 

- d '^-^idid -f 1) cosh26' -I- Aid + 1) cosh e + d + A) i^— 

a-1 2*^+1 

{d-l)U. = -d''-^ + d'^{{d + l)cosh^e+l) \ 

1 1 . 1\ d-2 , . ,n„ , 4 



(ci - l)y_ = - (1 1 - (c/ + 2) - ^ ((^ + Dcosh^^ - 1) 



(10.9) 
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These results satisfy the traceless conditions (|8.6|), as expected, and further for d = 2 the 
terms involving ss disappear as a consequence of ( |8.7| ) and the result is compatible with 
( |9.13|) for c = 1. The expression written in ( p.0.9|) is such that the different terms separately 
obey the conservation equations. The resulting expression is no longer in the simple form 
given by ( |10.5| ) in the positive curvature case but if the terms involving ss, which vanish 
if (i = 2, are dropped we have 



(10.10) 

a/3 



with the same result for Ct as in ( 10.6 ). The remaining terms present in (|10.9| ) can be 
understood in terms of the operator product expansion but it is clear that the form given 
in ( p.0.10| ) cannot be the unique expression for conformal field theories. 

For massless vector fields, satisfying the free equations V^F^i, + d^V^ Afj_/ ^ = with 
F^i, = dfj_Aj, — dfj_Ajj and ^ a gauge fixing parameter, we restrict to d = A when the theory 
is conformally invariant on flat space. Neglecting terms which are irrelevant in gauge 
invariant correlation functions the energy momentum tensor is 

T^. = F/xoF." - \9^.. F^pF'^P . (10.11) 

Prom the two point functions of the gauge field A^, which have been obtained in and 
more recently in and are discussed in appendix B, the two point correlation functions 
of the field strength F^i, are simple 

^ (10.12) 

With the explicit form ( |10.11| ) it is straightforward to calculate in this case that the energy 
momentum tensor two point function is just as in ( |10.5D or ( p.0.10D for d = 4 with 

Ct,v = 8. (10.13) 

We may also easily show that 
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{T^,{x)F^f3F^^{y))+ = 0, (27r2)2(T^,(x)F«^F«^(y))_ = -^{4x^x, - g^,) . (10.14) 

s s 

For massless spinor fields, satisfying 7^V^'i/' = 0, the energy momentum tensor may 
be taken as 

T,.. = V^7(mV.)^, (10.15) 
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which is conserved and traceless for any d. The formahsm for spinors on constant curvature 
spaces was described in section 7 and the basic two point functions were obtained in ( |7.15| ) 
in terms of the inversion bispinor X(a:, y) and paraUel transport bispinor I{x, y) giving 



;io.i6) 



From this we may obtain 

{V^i;{x)ij{y)'v^)+ 

= ^ Ita^^Tq + c?T^a2:+ cos^i6'(7^7-x - dx^)X{'y-y-fac - dyo,)^ , 

{Vf,ij{x)'i{;{y)^c,)- (10.17) 

= ^ Ita^^To + rfT^a2:+ cosh^|6'(7^7-x - rfx^)J(7-y7a - <iya)| , 

T I^A'-^Ta - dlf,c I - sinh^|^(7^7-x - dx^)I{j-yjc^ - rfya)| , 

and then straightforwardly calculate expressions for {T^^{x)Ta/3{y))± which are just as in 
( ITaSi) or ( ITaTol) with 

Ct,^ = 2^'^-^d. (10.18) 

It is also useful to note that 



(T^,(x)V^V'(2/))+ = 0, ^|(T^,(x)^V^(2/))_ = ±2i''+^—^{dx^x^-g^,) . (10.19) 

p(ss) " 



1 

2 ' 



11. Operator Product Expansion 

The singular behaviour of the above results for two point functions for free field 
theories may be understood in terms of the operator product expansion. This may also be 
applied for non trivial interacting theories to determine the various possible contributions 
to two, and higher, point functions. We restrict here to the situation of theories at a fixed 
point, so that the flat space theory is conformally invariant, and further consider just the 
operator product expansions involving the energy momentum tensor and a scalar field O 
with an arbitrary dimension rj. On curved space the leading term in any operator product 
expansion coefficient is determined by the corresponding results on flat space . Using 
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the notation of section 5 we consider first the operator product expansion of T^;^ and O 
which may be written as 



V 



d-1 Sd 



1 S. 



(11.1) 



The overaU coefficient is determined through Ward identities 13^,0. Secondly the contri- 
bution of the scalar O to the operator product expansion of two energy momentum tensors 
has the form 



,\ (a x^x^y^yp + h{x^yalvf3 + p^u,a^ (3) 

+ c{lfj,aLp + IfipLa) - traces(;uz^, aP))0{y) , 



;il.2) 



where a, 6, c satisfy the relations, derived essentially by imposing the conservation equations 
on the expansion coefficient, 



a 



4b){l-l{d-r]){d-l)) +dr]b = 0, a - 4b - d{d - 7])b + d{2d - r])c = . (11.3) 



In this case there remains a single undetermined scale reflecting the arbitrariness in the 
normalisation of O. 

The operator product ( |1 1 . 1| ) is in accord with the the leading singular behaviour as 
s — s> of the expressions (|10.8| ), ( |10.14| ) and ( |10.19| ) in the hyperbolic case taking then 



1 



{d-2)Sd 



d-2 



P 



d-1 



(11.4) 



These results for the one-point functions follow directly from ( p.U.7| ), ( |lU.12p and ( PH 



when the coincident limit is regularised by dropping the singular contributions in s (which 
is consistent with the vanishing of these one-point functions in the spherical case). As 
usual with dimensional regularisation this prescription is essentially unambiguous for d ^ 
integer, but for the fermion case the result for is unique and well defined even at 

d = 4 since it is non zero only if chirality is violated so that the first term in ( p.0.16|) cannot 
contribute. The form of the two point function for the energy momentum tensor in the 
case of scalar fields given by ( |10.9| ) may also be understood by using the operator product 
expansion in ( 11. 2|) . For a free scalar theory taking O ^ (j)'^, which has dimension d — 2, 
we have 

d{d-2)^ 1 



— , b^{d + 2)c, 



a = {d + 2){d + 4)c, 



(11.5) 



4(d-l)2 Sd 

which satisfy ( 11. 3|) . With the result ( |11.4 ) for {(p'^) ( 11.2 ) and ( p.l.5|) generate the terms 
in (|10.9| ) oc s~¥~^ as s ^ 0. There are no corresponding contributions in the case of free 
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vectors or fermions from {F^pF"-^) or {^ip) since these operators do not appear in the 
operator product expansion of two energy momentum tensors, for ipil) by chirahty and for 
FafsF""^ for free vector theories in (i = 4 by direct calculation ||3l|]. Although the overall 



normalisation of a, 6, c in ( p.l.3|) is arbitrary such freedom is absent from the associated 
contributions to {T^^{x)Tcti3{y)) since it is cancelled by a corresponding factor in (O). 

Although the above results demonstrate the relevance of the operator product expan- 
sion to understanding the form of the two point function on spaces of constant curvature 
there are also areas where its role is less transparent. It was our initial hope, based on the 
fact that the operator product expansion of two energy momentum tensors always contains 
the energy momentum tensor itself and that its one point function, which has the form 
shown in ( p.25| ), is in general non zero, that expression for the two point function for the en- 
ergy momentum tensor on such spaces would involve its coefficient C. In particular in four 
dimensions at a fixed point, as a consequence of ( [4 .351) , this would require a dependence on 
the parameter a, which is defined initially through the energy momentum tensor trace on 
general curved backgrounds, in some evident fashion. Such a result would be significant 
since a is the favourite candidate for a four dimensional generalisation of the c-theorem 
0] (there is now strong theoretical support for this conjecture in supersymmetric theories 
||15|| ) and it could be hoped that a proof of the c-theorem in four dimensions might be 
found in terms of the two point functions of the energy momentum tensor on curved space 
following a similar approach to the original discussion of Zamolodchikov . Nevertheless, 
despite the arguments based on the operator product expansion for the appearance of the 
parameter a in the two point function at non coincident points, this expectation is not 
supported by the explicit free field expressions obtained in section 10. This is most ap- 
parent from the results for fermions and vectors which are have the identical form (|10.10| ) 



when d = 4 with the coefficient Ct determined by c in the trace anomaly ( [4.1| ). On the 
other hand a, which is also initially defined in terms of has no direct relation to c as 

demonstrated by results for free fields. 

It appears therefore that there may be some unresolved questions when applying the 
operator product expansion on spaces with non zero curvature. For a conformal field the- 
ory on flat space all one point functions vanish (except trivially for the identity operator). 
For quasi- primary operators, which transform homogeneously under conformal transfor- 
mations, two point functions, which are non zero only if both operators have the same 
spin and scale dimension, are unique up to an overall constant and three point functions 
are also given by a finite number of linearly independent forms. Together these determine 
completely the operator product expansions for any pair of quasi-primary operators in 
terms of all quasi-primary operators and their descendents or derivatives for which the 
associated three point functions are non zero and also the identity operator if their two 
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point function is non zero. If the operator product expansion is extended to a curved space 
background the leading singular contributions to the coefficient functions in the expansion 
are of course determined by those for flat space, but there may now be less singular con- 
tributions involving the curvature which can naturally appear associated with derivative 
terms. The contribution of the identity operator to the product of two operators may also 
be expected in general now to be a function of the separation rather than just a power 
determined by the scale dimension of the operators, since a non zero curvature introduces 
a scale. Moreover such a function cannot just be identified with the associated two point 
function if other operators present in the expansion have a non zero expectation value on 
curved space. In the particular case of the contribution of the energy momentum tensor to 
the operator product expansion of two energy momentum tensors the coefficient functions 
found from flat space calculations correspond to purely traceless energy momentum ten- 
sors [|3T| , |3^ so that the straightforward generalisation to curved space does not generate 
terms associated with its expected trace anomaly. The necessity of a non zero trace for 
{T^jj) on a general curved space for a flat space conformal theory arises in d = 2, 4, . . . 
dimensions as a consequence of the requirement that the regularisation procedure neces- 
sary to determine (T^i/) should maintain the conservation equation ( p.5| ), [ p3[ . The trace 
is then unambiguous, independent of boundary conditions and non zero. However, on a 
homogeneous space of constant curvature, the conservation equation is trivially satisfied 
as a consequence of ( p.25|) . Hence, as remarked in [^, there is no calculation uniquely 
determining the anomaly, or the coefficient C in ( |2.25| ), which is entirely intrinsic to the 
theory on the constant curvature space (although calculations adapted to such spaces are 



described in 34,26,33 



When d = 4 the contribution of the energy momentum tensor, of dimension 4, to 
the operator product expansion of two energy momentum tensors will in general mix with 
terms quadratic in the Riemann tensor and such terms will contribute to the two point 
function. This may be illustrated by the associated example of the two point function of 
the energy momentum tensor and the scalar field O. (|4.36| ) for the hyperbolic case gives 

{2n'f{T,MO^{y))-\^.^, = - ^,1 \ {4x,x^-g,^)T,^{j^U,R' + 2n'{0,).) . (11.6) 

Since F/ is the dimension matrix for the fields Oj this is exactly in accord with ( p. 1 . 1| ) but 
the presence of a non zero Uj in general demonstrates such a mixing with curvature terms. 



12. Unitary Representations of 0{d— 1,2) for Spin One 

In a quantum field theory with a unique vacuum the correlation functions may be 
expressed in terms of the vacuum state expectation values of products of local field op- 
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erators. For unitarity the operators are assumed to act on a Hilbert space with positive 
norm. A further essential requirement is that there is a hermitian Hamiltonian operator 
H, which annihilates the vacuum but otherwise with positive spectrum, generating trans- 
lations in a coordinate r. This ensures that the theory may be analytically continued, by 
letting r it, from an underlying (i-dimensional with positive metric to define a unitary 
quantum field theory on the associated space with a metric with signature (— , +,...). We 
here consider field theories on the homogeneous constant curvature spaces S'^ and H'^. In 
the positive curvature case the analytic continuation of S'^, when r is periodic, leads to 
de Sitter space dSd and the correlation functions of the resulting quantum field theory are 
interpreted as corresponding to a thermal bath of non zero temperature [Q, and so are 
not given by vacuum matrix elements of field operators.i In consequence we restrict our 
attention here to the negative curvature case when the homogeneous space H*^ is contin- 
ued to AdSd- Hence we consider states which form unitary representations of the isometry 
group 0{d— 1, 2) where the vacuum |0) is a unique state forming a trivial singlet represen- 
tation. The general unitary positive energy representations are constructed from lowest 
weight states which form a basis for a representation space for 0{d — 1). The representa- 
tions are used subsequently to obtain spectral representations for the two point correlation 
functions. For scalar fields the unitary representations are formed from a spin or singlet 
lowest weight state and the spectral representations are well known However the 

extension to fields with spin involves further complications so in this section, and appendix 
C, we construct in detail the representation for a spin one lowest weight state. 

In order to identify convenient coordinates, with a privileged choice for r, for H'^ 
we consider first its embedding in M^+i as the hypersurface given by the constraint 
p'^QabV^V^ = -1 where with rj" = {rj^ , r]\ rj'^) we have ^foo = -9dd = 'i-, 9ij = Sij. 
Global coordinates x = (r, r, for H*^ are then given by prj^ = sinhr seer, pry* = 
tanr^i, prj'^ = — coshr seer, where ^i^i = 1, G S'^~^ and r, r are in the ranges 
— cx)<r<oo,0<r< ^. On continuing r ^ it these coordinates then cover 
the simply connected covering space for AdSd- For two points, represented by 77", 77'", 
cosh 6* = —p^gab'n°"n'^ = cosh(r — r') seer seer' — tan r tan r'^-^'. The associated metric 
ds^ = Qabdv'^d'n^ becomes 

p'^ds'^ = sec^r(dr^ + dr^ + sin^ r dsld-2) ■ (12.1) 

The isometry group 0{d,l) generators Lab = Vadb — Vbda obey the algebra 

[Lab, Led] = 9bc Lad — 9ac Lbd — 9bd Lac + 9ad Lbc ■ (12-2) 

Writing 

H = Lod, L±i = LoiTLdi, (12-3) 



For a relevant discussion see [36|. 
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the algebra (|12.2| ) decomposes as 



[if, L±i] = ±L±i , [L-i, L_|_j] = 25ijH — 2Lij , [i^+i, L^j] = [L_i, L-j] = , 

(^12. 4j 

[Lij, H] = , [Lij, L±k] = SjkL±i — dikL±j , 



with Lij the generators of 0{d — 1) obeying an algebra of the same form as (|12.2 ) with 
dab ^ij- With these coordinates we have 

if = , L±i ^ -e^'^ (^i ^ sin r ^ ± cos r ^ j ± cosec r , -^ij = ^i^j - ijDi , 

(12.5) 

where Di is the tangential derivative 

[A, I^j] = , i^D, = , A^j = S,j - , (12.6) 

so that we may write Dj = ^iLij and also [Lij, Dk] = SjkDi — SikDj. 

In a quantum field theory which is unitary on continuation to AdSd the isometry 
group is represented by operator generators Lab obeying ( |12.2| ) which on decomposing as 
in ( p. 2 .31) obey the hermeticity properties 

H^=H, Lj = L+,, Uj^ = -Uj. (12.7) 

These conditions correspond to restricting to unitary representations of the algebra of 
0{d —1,2). The vacuum state |0) of course satisfies La&lO) = 0, forming the trivial singlet 
representation. The quadratic Casimir has the form 

C2 = —\L°''^Lab = —\LijLij — L±iL^i + T {d— l)H , (12-8) 

while 



-iL'^'Lab = = cosV(|:^ + + (ci -2) cot r|- +cot2rV|._. , ^^^^^^ 

= L)iDi = ^LijLij . 

For a scalar field (^{x) the action of the generators is simply 

[Lab.4>]=-Lab(p. (12.10) 

To determine the extension to vector fields we consider the transformation of a vector 
field Aaii]) on ]R^+^ for which the corresponding action of the generators is [Lab,^c] = 
—Lab Ac — dacAb + QbcAa- This may be reduced to a d-component field on the embedded 
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hypersurface H'^ through the invariant constraint ?7"^a(^) = 0. In terms of the coordinates 
X = {j.r.^i) it is natural to consider instead the field Aa{x) where A± = Aq^ Ad and 



Ai = Ai — iiijAj is the component of Ai tangential to 5"^ ^ so that ^iAi = 0. Using the 
constraint to eliminate ^-A the action of the generators then becomes, with if, Lij 
given by ( |T23|) , 

[H, A±] = - HA± ± A± , [H, A,] = -HA, , 

(12.11) 

[Lij, A±] = — LijA± , [Lij,Ak] = —LijAk — SikAj + SjkAi , 

and 

[L±i:A±]= -L±iA±, 

[L±i, A^] = - L±,Aj ± e^^ cosec r ^^ A, + {S,j - ^0) " I cosec^ r{A± - e^^^ A^)) , 
[L±^,A^]= - L±,A^-2Ai + ^,cosecr{e^A+-e~''A-) . (12.12) 

For a scalar field (pirj) there is a corresponding vector Aa = rfLab4> satisfying 'q°'Aa = 0. 
In the same fashion as previously when Aaijlj) — > Aa{x) on H'^ we may therefore define 
the vector field V a4>{^) = ^a^{.x)d^4>{^) where explicitly in terms of the coordinates x — 
{r, r, Q 

V±(^ = e^'^(cosr9r^ =F sinr9r(^) , V^^ = cotr D^c^ . (12.13) 

Similarly for a vector Aa there is an associated scalar —rj"-LabA^ which may be used to 
defined the divergence V-A and which is then given by, 

V-A = i cosr(e^a^A+ + e'^drA-) 

(12.14) 

— ^ cot r( cos rdr + {d — 3) cosecr) [e'^A^ — e~^A_) + cot r DiAi . 

For scalar fields the appropriate representation is defined in terms of a spin-0 lowest 
weight state |A), (A|A)=1, satisfying 

H\X) = A|A) , L_,|A) = 4-|A) = 0. (12.15) 

The representation space is then spanned by linear combinations of states of the form 
Yli L^f^lX). These may be decomposed into representations of 0{d—2) by using symmetric 
traceless rank i tensors Ci^...j^, £ = 1, 2, . . ., satisfying 

Ci^,,,il 5 Ciii-^^_,ig_2 0, (12.16) 

to define, taking for £ = 0, C = 1, 

|n£,C) = i:+"L+,, ...L+,JA)C,,...,,, K+=L+,L+,, n, i = 0,1.2, ... . (12.17) 
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It is easy to see that H\nl,C) = (A + 2n + £)|n£, C) and for all states the Casimir operator, 
given by ( p.2.8| ), takes the value A(A — (i + 1) while for each I they transform irreducibly 
under 0{d — 2). These states satisfy the orthogonality condition 

{n I' ,C'\nl,C) = Sn'n^ttC -CUnt, C -C = C'i^,,,iiCi^...ii, (12.18) 
where, as shown in appendix C, the norms are 

Ar„, = 24"+^n!£!(A)„+,(;U + £)„(A + l-;u)^, ^=\{d-l), {\)^ = ^^^^±^. (12.19) 

i [A) 

A unitary representation therefore requires as usual A > 0, > |((i — 3) or A = when there 
is just the singlet vacuum state |0). An complete orthogonal basis of states, {|n£, /)}, of 
the form given by ( |12.17| ) may be obtained by introducing for each I a basis of symmetric 
traceless tensors C{-^,,,i^, satisfying ( |12.16|) , such that 

C -C = Sj'I , '^y^^^ ii-.-ij = 'P^ \...jt,ii---ii , (12.20) 

where V^^^ is here the projector onto symmetric traceless tensors of rank i. 

The action of L^i on the basis states ( |12.171 ) takes (ni) (n+l£— 1), {n£+l). It is 
convenient to define the £ ± 1 rank symmetric traceless tensors 

C i,ii...ie+i — ^i{ii^i2-..i£+i) ~ ^ _|_ 2£ _ 3 ^2 ^^3 )« ' ^ — 0, 1, ... , 
C~ ■ — C / — 1 2 

SO that 

L+,|n£,C) = |nm,C+,) + ^ ^ _ ^ |n+l£-l,C-) . (12.22) 

To obtain the spectral representation of the two point function of the scalar field 4) 
we need to determine the matrix elements of (f) between |0) and arbitrary states in the 
representation. For the lowest weight state 

(0|(/>(x)|A) = e-^V(r), (12.23) 

and L-i\\) = leads to, from ( [12. 5|) , to cos r/'(r) + A sin r/(r) = so that 

/(r) = A^(cosr)^. (12.24) 



A general matrix element has the form 

(0|(^(x) C) = e-^"^Vn^(r) Y^{i) , A„, = A + 2n + £ . (12.25) 
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where we define appropriate spherical harmonics (for further properties see appendix C, a 
useful summary of spherical harmonics in arbitrary dimensions is given in [^) by 

Y^{0=C^,...^A^,■■■^^^■ (12-26) 

Prom (|12.8| ), (|12.9| ) and ( |12.1C1|) with LafelO) = it is easy to see that the matrix elements 
( ^2:251 ) satisfy V^,(e-^"^-/„,(r) Y^{^)) = p2^(A-rf + l)e-^"^-/„,(r) Yf{0 which may be 



reduced to a simple equation for f^i. In order to find fn£ with the overall scale determined 
we use instead (|12.10D for L_|_i, with the expression (|12.5D for L_|_i, and from (|12.21|) , 



(12.27) 

D,Yf (0 = i Yii (0 - a.Y^ (0 = y^i (0 + ^ ' 

to obtain 

-An£sinr/„^(r) + cosr/^^(r) - £cosecr/„f(r) = -/„£+i(r), £ = 0,1,..., 

-A„£ sin r/„i;(r) + cos r/;,^(r) + (d + £ - 3) cosec r/„^(r) = - /^+i^_i(r) , £ = 1,2, . . . , 

(12.28) 

relating j^i for differing n, £. The solutions are well known, involving Jacobi polynomials 
Pn"'^'* which satisfy the crucial, for our purposes, recurrence relations, 

cosr-^Pi"'^^(cos2r) - 2(n + a + /3 + 1) sinrP^"'^)(cos2r) 
dr 

= -2(n + a + /3 + l)sinrP^"+^'^)(cos2r) (12.29) 
= — 2ctcosecrP^""^''(cos2r) + 2(n + 1) cosecr P^"7^'^^(cos2r) . 

Since ( p:24]) with P^""'^^ {x) = 1 gives foo{r) = N{cosr)^ we may then find from (|12.28|) 



/^^(r) = Ar(-l)"22"+^n!(A)^+Kcosr)^ (sinr)^P^^+^-i'^-'^) (cos2r) . (12.30) 

For subsequent application it is sufficient to consider only r = when, using Pi"'^^(l) = 
{a + l)n/n!, the results reduce to just 

^,(0) = N (-l)^22-(A)n(;u)n 5^0 . (12.31) 

The above results are designed to set the scene for the more involved analysis when 
spin is involved. For spin one we consider a lowest weight state |A, z), (A, i\X,j) = Sij, with 
( p.2.15| ) replaced by. 



^|A,z) = A|A,z), L_,|A,z)=0, L,j\X, k) = Sjk\XJ) - S^k\X, j) ■ (12.32) 
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In order to build a basis of states analogous to (|12.17|) it is necessary besides ( |12.16| ) 
to introduce tensors Cji^...in ^ — I52, ... belonging to mixed symmetry, described by 
(£,1,0...) Young tableaux, representations which satisfy the properties 

5 O5 0. (12.33) 

Corresponding to (|12.17|) we now define the states. 



\ni-,C) = K+L+i^ . . .L+i^_JA, k) Cki^,„ii,_^ , n = 0, 1, ...,£= 1, 2, ... , 
\nl+,C) = k^L+,,...L+,^L+k\Kk)C,,...,,, n,£ = 0,l,..., (12.34) 
\n^,C) = k^L+,^. . .L+,^\\,k)Ck^,...^,, n = 0,l,... ,£= 1,2,... , 

with the associated eigenvalues of H taking the values, 

A„^^ = A + 2n + £Tl, An£ = A + 2n + £. (12.35) 

For £ = 1,2,... the scalar products of the states |n £ C) are described by a 2 x 2 matrix, 

/(n'+lf-,C>+l£-,C) (n'+lf -,C>£+,C)\ , . , . 

[ {n'i'+,C'\n+U-,C) {n'i'+,C'\ni+,C) ) - ^WnStiC ■ C M^, , (12.36) 

while also 

{n i' ,C'\ni,C) = Sn'nSi'iC' ■ C Afni , C ■ C = C'ji i^Cji^,,,i^ , 

12.37 

{n'0+,l\nO+,l) = dr,'nAfn+. 

Prom appendix C 

Afne = 24-+^n!£!(A + l)n+i-i{f^ + £)n(A + 1 - ;t/)„ (A - 1) , 

H , o (12.38) 
Arn+ = 24"+2n!(A + l)„(;u)^+i(A + 1 - fiUX -d + 2), 

so that unitarity requires A > 1, (i — 2. The expressions for the elements of Af^( are more 
involved and so are deferred to appendix C. 

In a similar fashion to (|12.21|) we define 

^ _|_ £ _ 3 ^ji'i-i^^2---il+i)i ~ ^{i-li-2^j\i3---il+l)i ~ ^ 1) '^(ii 12 ^^3 • • • V+i ) ) ' 
C Cjii ...if _ii ~ ^(ii ; ^i^i-^^^^^i^ ■> (12.39) 
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where C^iji-i^...ii are mixed symmetry tensors satisfying ( p. 2 .331) while C^^^^...^^ is a symmetric 
tensor obeying ( p.2.16| ). Furthermore from C^^^ ..^^ we may also define a mixed symmetry 
tensor satisfying ( |12.33| ) by 

(12.40) 

With the states defined by ( |12.34| ) we then have 

L+,|n£+,C) = |n£+l+,C+,) + ^^-^--^|n+l£-l+,C-), 

+ (d + 2£-3)(rf + £-4) 1^^-!+'^ 
L+,|n£,C) = |n£+l,C+,) + |n+l£-l,C-) 



^12.41) 



Following a similar route to the case of scalar fields we consider now the matrix 
elements of a vector current Aa{x) between the singlet |0) and the states of this spin one 
representation.! For the lowest weight state we take, consistent with ^jAj = 0, 

(0|A_(x)|A, fc) = , (0|A+(x)|A, k) = ^^e-^'+'^^gir) , 
{0\A^{x)\X,k) = {6jk-^j^k)e-^^f{r). 

Imposing the equations following from L_i|A, k) = 0, which also requires the vanishing of 
the A_ matrix element, and using ( |12.5 ) we get 

A sin rf + cos rf' = , / + ^ cosec rg = , (A + l)g + cos rg' — cosec rg = , (12.43) 

for which the solution is 

/(r) = A^(cosr)^ , 5f(r) = -2iV(cos r)^ sinr . (12.44) 

It is easy to verify from (|12.14| ) that this solution impliesll^l 

(0|V-A|A,A;) = 0. (12.45) 



^ In four dimensions the spin one representation was discussed by Fronsdal 1 35 ] who obtained 

equivalent resuhs for (0|^a|A,fc) to those obtained below. 

Ahernatively for a spin lowest weight state we find (0|A_(x)|A) = A^e^'-'^^"'^^^(cosr)'^^^, 

{0\Aj{x)\X) = 0, (0|A+(x)|A) = A^e"(^+^)^(cosr)^-Vos2r but in this case (0|^a(a;)|A) = 

-VaA^e"^(cosr)^/A. It is useful to also note that (0|V-A(x)|A) = -(A - d + l)7Ve"^(cos r)^ 

so the current is conserved if A = d — 1 . 



45 



For other states the matrix elements may be determined in a similar fashion to previously. 
To write expressions for matrix elements we need besides ( [12.26| ) vector spherical harmonics 
which may be defined in terms of tensors satisfying (|12.33| ), 

3^i•(0=C,n....,6l••■e^,• (12.46) 

Like DjYf{^) this satisfies njy^j{^) = and also we have Djy^j{$^) = 0. Using the above 
spherical harmonics the matrix elements may then be written in general as 

{0\A,{x)\ni±,C) = e-^-±Vntt(r)i^,y/(e) , {0\Mx)\ni,C) = e-^-VnKr)3^£.(0 , 
(0|A+(x)|n£±,C) = e-("-±+i)Vntt(r)F/(O, (0|A+(x)|n£, C) = , 
(0|A_(a:)|n£±,C) = e-(^-±-i)^(7"ntt(r)y/(O, (0|A_(a;)|n C) = . (12.47) 



In order to use ( |12.41[ ) we need besides ( |12.27| ) 



- ^y&K) + (z^ + ^ . - 4) ^'-i'« , ^ 

n 12.48 

using 

(^.-e*)!-/!?) = D, Y/;;(0- ^ _ 3^^^ ^ , _ r/_;K)) -/ySK) . (12.49) 



and furthermore 



D.yUi) + e,3^f;.(o = -^y^tui) + (^ - (12-50) 



fi'+n£±(?') 



With these results we may obtain equations determining fnt±{r), fnt^r), 
g~ni±{r) by using the results for the commutators of L^i in (|12.12|) with, from (|12.42|) and 

(PH), 



f 01- {r) = N {cos ry 



9^1- 



—2N{cosr)'^ sinr , 



9 oi-[r) 



0. 



(12.51) 
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The details are quite lengthy so we restrict ourselves here to the main results. The essential 
equations are similar in general form to ( |12.28| ) along with various algebraic relations 
necessary for consistency. From {0\A±{x)\ni,C) = we may obtain, using 3^fj(0 = 
yf (0, for£ = l,2,..., 

g+r.+ii.{r)-g\e+{r) = 0, g-^+ie^ir) - g-^e+{r) = -2{d + i - 3)Ut{r) , (12.52) 

and from the analysis of [i^+i, Aj] we may obtain 

Ue+i{r) + fn+ie-i{r) = l{fn+ii-{r) - fni+{r)) , £ = 2, 3, ... . (12.53) 

The results, apart from g\ej^{r) which is easily obtained from ( |12.52| ), are then 

g\,. {r) = -N (-l)^22-+^n!(A + (cos r)^ (sin (^qs 2r) 



Uiir) = N{X- l)(-l)'^22"+^n!(A + l)^+,_i(cosr)^ (sinr)^P^^+^-i'^-'^) (cos 2r) , 
/„,_(r) = iV(-l)-22-+^-in!(A)„+,_i(cosr)^(sinr)^-i 

;^(^^n^^''"''^~''~'^(cos2r) + (A - l)P^^+^-2'^-'^)(cos2r)) , 
Ui+ir) = -iV(-l)-22-+^n!(A + l)^+,_i(cosr)^(sinr)^-i 

X (^2(n + l)P^+Y"''^"''"'^(cos2r) + (A - l)P^^+'^-^'^-'^Hcos 2r)) , 
g-ni-{r) = -iV(-l)-22-+^n!(A + l)„+,_2(cosr)^(sinr)^ 

g-r,t+{r) = N (-l)-22-+^+in!(A + l)n+£-i(cos (sinr)^ 

X (2(A + n){ii + n + l)-{\- 1)1) p(f+^^-^^-^^) 

(cos 2r) , 

(12.54) 

where also g~Qe-{r) = 0. Otherwise, except for fn£+{r) which is defined only for i > 1, 
the formulae given by ( |12.54|) are valid for all n,i required by the definition of the basis in 
( p.2.34| ) . As a consequence of ( |12.45[ ) the solutions for all matrix elements given by ( |12.47[ ) 



and ( |12.54| ) are consistent with V-A = 0. 

For r = 0, in a similar fashion to ( |12.31| ), the non zero results reduce to just 
^+,o+(0) = g-no+{0) = iV(-l)"22"+2(A + , 
/^i_(0) = iV(-l)-22-(A + l)n-i{^i + l)n-i{iiX + n) , (12.55) 
/^i+(0) = - iV(-l)-22-+i(A + lUi, + lU2n + X + d). 

13. Spectral Representations 

The spectral representation for two point functions encodes completely the analytic- 
ity requirements following from locality for any quantum field theory together with the 
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conditions of unitarity which reduce to positivity of the spectral weight function. Such 
representations may also be found for spaces of constant curvature |T^ although they are 
significantly less straightforward to determine in specific cases. For two dimensional field 
theories on flat space the proof of the c-theorem may be recast with added insight in terms 
of the spectral representation for the energy momentum tensor two point function 0. It 
is therefore natural to also consider the spectral representation for the energy momentum 
tensor two point function on spaces of constant curvature. 

For the scalar field (f) we first compute the two point function corresponding to sum- 
ming over the intermediate states |n£, /) labelled by A and for which the Casimir operator 
has the value A(A — d + 1). It is simplest to set r = and then only £ = states contribute, 
in a similar fashion to and using ( |12.31|) we have 

(O|0(r, 0, 0</'(0, 0, 10) = ^-^TT- = iV'e-^-F(A, A + 1 - e'^^ . (13.1) 

n=o 

For X = (r, 0,^), y = (0,0,^) we have 9 = r. With the appropriate choice for A^^ this is 
the standard Green function for — + A(A — d + l)p^, as verified in appendix B, 

G,{9) = ^ r(ATw) ^' ^ + ' - ^' • 

For the conformally coupled case the two choices of A are for Dirichlet boundary con- 
ditions and ^{d — 2) for the Neumann case. The spectral representation for the scalar two 
point function can then be written as 



{<j>{x)<P{y)) = / dXp4X)Gx{e). (13.3) 

yi(d-3) 

In a similar fashion to the discussion of the scalar two point function in ( |13.1D we 
may now determine the contribution of a single spin 1 irreducible representation to the 
vector two point function. Choosing the same configuration as previously the non zero 
components are 

(0| A±(r, 0, OA±(0, 0, ^) |0) = (0| A±(r, 0, ^)A^{0, 0, ^) |0) = e^^D^ir) , 
(0| A, (r, 0, OMO. 0, ^) |0) = i6jk - ^j^k)ExiT) . 
Using the results ( |12.55| ) with ( p.2.38|) then (|13.1|) adapted to this case gives 

Dx{t) = J2 ^^^"°+^°^) ^-(A+2n+l)r 
n=0 ■^"+ 

4iV2 1 {X+l)Mn+l 



-(A+1)t \^ ~r ^)n[.fJ')n+l 2 



X-d + 2 ^ n\ (A + l-u) 

^^'^ e-(^+i)^F(A-M,^-M;A-M-^;e 



X-d + 2 
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and also, by summing over intermediate states \n 1 ±, C) = |n 1 ±, i)Ci 



-2nT 



(13.6) 



71 = 



where 



Ao = N\ A^+i = {U+ll-{0) fnl+{0))ALnl( fn+ll-{0) 

/nl + (0) 



(13.7) 



Using (|12.55| ) for /ni±(0) and the results of appendix C we have 

2n{X + n) 



A^ = N^^ (A)n(^), 



1 + 



\li{\~d + 2)J ' 



(13.^ 



so that 

Ex{t) = ( 1 + 



e-^^F(A, li-X + l-ii] e-^^) . (13.9) 



The functions D\ and E\ are constrained by conservation equations. To obtain these 
and to show the relation to the general formalism used in section 8 we may write in general 
for the correlation function of two vector currents 



{A^,{x)A^{y)) = x^y^ D{e) + (/^^ + x^y^) E{e) . 



;i3.io) 



Choosing, as in ( |13.4[ ), x = (r, 0,^), y = (0,0,^), when 9 = t, then the non zero compo- 
nents of X, y are just Xr — I, {Jt = —1 and also we have Irr = 1- Using ( [12.13|) for these 
X, y to obtain the equivalent results in the basis used in ( |13.4| ) given by Aa = ea^Af^ gives 
then 



x± = e 



,TT J. 



(13.11) 



Applying ( p.3.11|) in ( p.3.10|) then leads to identical expressions for each components as in 
( p.3.4|) where D, E are given by just the single spin one irreducible representation specified 
by A. The conservation equation {A^{x)Aa{ii)) = using the results in section 5 is 
easily seen to give 



sinh^D'(^) + {d-l)cos\i9D{e) = ~{d-l)E{e) . 



(13.12) 



It is straightforward to check that this is satisfied by ( 13.5 ) and ( 13.9 ). By extension of 
(|33) we define 



P 



d-2+2n 



r(A + n) 



-(X+n)t 



2TTt' T{X+l-fl) 



F{X + n, fx + n; X + 1 — fx; e' 



-2e\ 



(13.13) 
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and then the representation for a general vector two point function may then be obtained 
by expressing D as, if (i > 3, 



D{9)= dXpv{X)Gx,i{9), (13.14) 



d-2 



where pvW is a positive weight function, with E determined by ( |13.12| ). 

It is of interest to consider separately the contribution from X = d — 2 when we have 

p'^ cosh 9 



Doi9)=CGd-2,m = C 
Eo{9) 



2Sd (sinh6')^ 

C p' 



(13.15) 



d-12Sd (sinh^)^ ' 

With these expressions the vector two point function (|13.1C1| ) may be written just in terms 
of the scalar Gs 

{A^{x)A^{y))s = d^Gs{9)"do. , (13.16) 

where 

Gsi9) = C Gd-i{9) . (13.17) 



Thus Gs is proportional to the scalar Green function, as given by (|13.2| ), for A = d—1 which 
since then V'^Gs{9) = for x ^ y ensures that ( p.3.16| ) satisfies the conservation equation. 



In this special case the contribution of the spin one representation intermediate states is 
therefore identical with those of spin zero. This is in accord with the representation theory 
since, if A = d—2 as may be seen in (C.7), the states {|n +, C)} span an invariant subspace 
with |0 +, 1) = L_|_/c|A, /c), annihilated by L_i, the lowest weight state. This representation 
formed by this subspace is identical with a spin zero representation corresponding to A = 
d — 1. Summing over intermediate states in this space gives just the result (|13.16|) with 

Our primary interest here is of course the energy momentum tensor two point function. 
The unitary representation of the isometry group 0{d — 1,2) for a spin two lowest weight 
state, \X,ij) = \X,ji), \X,ii) = which satisfies analogous conditions to (|12.32|) , may in 



principle be constructed along similar lines to the spin one case considered above and in 
appendix C, but this would be tedious to carry out. The norm of the state L^j\X,ij) 
is proportional to A — (i + 1 so for unitarity it is necessary that X > d — 1 in this case. 
Although we do not here undertake the detailed relevant calculations the results for spin 
one nevertheless suggest a natural conjecture for the contribution of the representation 
built on the lowest weight state |A, ij) to the energy momentum tensor two point function. 
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To describe this we first decompose the bi-tensor T^,^^Q.f3{x,y) given by (|8.4|) , with ( |8.5|) , 
for a; = (r, 0, y = (0, 0, ^) in the basis given by (|13.11| ) when we obtain 



r±±,±± = e^^^R -4S + 2T + 2U + V) , 



(13.18) 



ij,kl 



{SikSji + 5ii5jk)T + 5ij5ki V. 



and other components are triviaUy related to those in (|13.18| ). With the definitions ( |8.10| ) 
and we have 



R-4S + 2T + 2U + V = ^—^ Q + ^^-^ Pi + 3 P2 ■ 

a da 



(13.19) 



The conservation equations (A. 2) demonstrate that r-|--|- determines the other compo- 
nents, assuming the traceless conditions (|8.6|) , just hke D determines E in (|13.12|) for the 
vector current two point function. 

Based on analogy with ( |13.14|) we conjecture the spectral representation for spin 2 
intermediate states can therefore be written for Q in the form, with the definition ( |13.13| ) , 



/"OO 

Q{e) = Sd dXp2{X)Gx,2{0)- 
Jd-i 



;i3.20) 



Of course, by virtue of the conservation equations, this determines the spectral represen- 
tation for the whole energy momentum tensor two point function since for intermediate 
spin 2 states it is automatically traceless. The general conserved energy momentum tensor 
two point function, as given by (|2.27| ), can then be expressed as in ( ^.28|) , 



:i3.2i) 



where the spin piece is determined by Fo{9), 



ro,/..,a/3(^, y) = (v^v, - (7^,v2 + {d- i)p'g^^)Fo{e) (^«% - ^^^^^ + _ i)p'gc.p) , 

(13.22) 

and the spin 2 piece is traceless and may be written as in ( |8.2C1| ) in terms of F2{6). Since 
Q determines V2,^.v,a(3 (|13.2U| ) implies therefore a spectral representation for the spin 2 
part of {T^^{x)To,f3{y)) determined by the positive weight function /02(A). Equivalently by 
integrating (A. 10) with Q given by (|13.20| ) a spectral representation for F2 may be found. 
The spectral representation for the spin part ro,^;y,a/3 is also obtained directly by writing 
a representation analogous to ( |13.3|) for Fq, 



Fo{e) = Sd / dXpo{x)Gxie) 



(13.23) 
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where Aq is in general restricted just by the unitarity bound Aq > ^((i — 3) if > 3. In it 
is suggested that Xq = d in order to ensure that / d'^x^Jg g^"T^^ is weU defined, in the co- 
ordinates corresponding to the metric in (|12.1|) , when ^Qh^ = (cosr)~'^(sinr)'^~^y/^5d 



?d-2, 



as X approaches the boundary r = ^, ~ 2 coshr/ cosr. Directly from ( p.3.22|) we have 
^J(7'^-(x)^7"^(2/)(T^.(x)T„^(2/))eon =id- + dp^fF^{e) , (13.24) 

and since for a; 7^ y this is identical with (O(x)G(y)) we must have, neglecting possible 
subtractions, 

Sd{e{x)Q{y)) = / d\pQ{X)Gx{e), p\d-lf{\+lf{\-dfp^{X)=pQ{\). (13.25) 

so that this determines po{\) in terms of pq{\) except for \ = d. As an illustrative 
example we consider free massive scalars in appendix D. However, although ( p.3.22| ) is 
valid in general for ^ > 0, it may be extended to give a well defined distribution, for test 
functions non zero at x = y, only if, for large A, po(A) = 0(A") with a < 1. Assuming 
( |13:23| ) and ([T3:2i|) we have, if Aq > d, 



1 /"°° 1 

-^'-^)''VAo''^"^'^a(a37TT)' 



^ .00 ^ (13.26) 



which ensures that ^0 > 0. The spectral representation may be modified to allow for a 
large A behaviour with a < 3 by introducing a subtraction, 

Fo(.,y) = g„^£-^^S,A.,y) + S,-,V^y^ dA^^J;2LL^G.(«) . (13,27) 

if Ao > d — 1. Clearly this depends on the subtraction constant Qo^ for which there is then 
no necessary positivity constraint, as well as po(A). In ( p.3.25| ) it is necessary to require 
a < — 1 is subtractions are to be avoided. In four dimensions the expected behaviour 
in renormalisable field theories away from fixed points is ct = 1, apart from powers of 
In A, so that it is then necessary to use ( p.3.27| ). Of course unless there is a well defined 
representation for (0(x)O(y)) such as given by ( p.3.24| ) and ( p.3.27|) relations involving local 
contact terms like ( |2.13| ) are without significance. 

An important role is played by the contribution to Fo{9) for X = d for which 
^o,fiu,ap{x,y) satisfies the traceless conditions for x ^ y. In this case, following ( |9?l] ) 
since Kq = SaGd, 

Po(A) = Cop'^-HiX -d) => Fo{9) = Cop''-'' SdGd{9) , (13.28) 
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leads to a form for Fo^^jy^a/j which may be expressed in terms of the result calculated in 
( p.l4| ) for Qq. From the definition of G'a,2 in ( |13.13| ) we have 

Qoie) = 4did + l)Cop^-' SdGd-2A^) ■ (13-29) 
This result shows exact agreement with the contribution expected from a spin 2 repre- 



sentation, as in (|13.20| ), for X = d — 2. Although this is outside the unitarity bound it 
corresponds to the invariant subspace present for this value of A and which may be con- 
structed from the spin zero lowest weight state L^kL+i\X, kl), which is then annihilated 
by L_i. 



If we assume the minimal form given by (|10.10| ) for conformally invariant theories we 

find 



Q(^)conformai = Ct + ^) = Ctp'" e"^^ ((1 - e"^) "^^ + (1 + e"^) "2'^) . (13.30) 
The spectral representation (|13.2UD can be written in this case in the form 



g(^)conformai = 2Ctp'" Ar c'^^+^'^^^F (rf + 2r, ^ + 2; fi + 2r; e-^') . (13.31) 



r=0 



By expanding both ( |13.30| ) and (|13.31| ) in powers of e we find, by matching the first 
ten terms, 

Ao = l, A. = 2i%4^Z^, r = l,2,.... (13.32) 

For d = 3, when = 2(r + l)(2r + 1) if r > 0, the hypergeometric functions may be 
reduced to elementary functions and the summation carried out explicitly. As required 
Ar > for d > 2 and = if r > and d = 2. For r > the coefficients Ar determine 
the appropriate P2{X) in (|13.20|) while from ( p.3.29 ) we must have0 



2'^-^d{d+l){d-l)Co = CT. (13.33) 
The remaining contribution is then given by taking 

^dP2(A)conformai = ^tv'^Ctp''-^ J] ^ + 2r) S{X - d + 2 - 2r) . (13.34) 

r=l ^ ' 

Asymptotically /02(A)conformai ~ {d-2)pCT{\pXY~'^ lV{d). 



The coefficient Co was calculated directly in [^] for free scalar fields with exact agreement, 
with due regard for conventions, with this result. 
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For scalar fields the simple form given by ( 10.10 ), and hence ( |13.3C| ), is not the whole 
story in the conformal limit. The extra terms present in (|10.9| ) inserted into ( |8.10| ) give, 
writing Q{e)^ = Q (6') conformal + Qi{0)^ with Ct given by (|10.6|) , 



Qi{9)^ = -ACT,4,d 



{d-2){d^l) 



p\ss\ 



= -(^T,<j,[2P) ^^^7^^ ^d<-Td,2(t'J • 



(13.35) 



This corresponds to the contribution with only X = din the spectral representation. Added 
to ( |13.31|) , and using the result ( |13.32|) , leads just to the cancellation of the term involving 
Ai = 2d{d + l){d — 2) / {d — 1) . In particular the coefficient Aq is unaffected. 

In general Co determines the leading large distance behaviour of the energy momentum 
tensor two point function while Ct is related to its singular form at short distances. It is 
unclear whether the relation ( |13.33|) survives in interacting conformal field theories. 



14. Implications for a Possible c-Theorem in Four Dimensions 

The initial stimulus for this paper was to investigate the possibility of deriving a c- 
theorem by considering one and two point functions of the energy momentum tensor on 
spaces of constant curvature. Within the framework described here this does not seem 
to be feasible. A possible C-function need not necessarily reproduce all the attractive 
features uncovered by Zamolodchikov in two dimensions but may satisfy some or all 
the following properties: 

1) C(/u£; g) should be a physically measurable positive function of the couplings and 
some length scale i such that at a fixed point, (3^{g*) = 0, C{fx£;g^) = C* is independent 
of i and unambiguously and universally defined in terms of the properties of the conformal 
field theory which is obtained at the fixed point. The minimal condition of irreversibility 
of RG flow is that for a unitary quantum field theory in which there are both UV and IR 
fixed points we require 

C,(t/y) -C,(/i?) > 0. (14.1) 

Ideally C{fxi; g) should be a function of the couplings for all relevant and irrelevant opera- 
tors in the space of cut-off quantum field theories since its essential definition is independent 
of perturbation theory, C = should correspond to a totally trivial theory with no finite 
energy degrees of freedom. It may, although this does not seem essential, be independent 
of any strictly marginal couplings whose /9-functions vanish.lil The C function should be 

^•^ In this case C is just a constant equal to its free field value in A/" = 4 SYM. 
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extensive so that if {g} can be separated into two distinct sets {gi}, {(72} corresponding to 
two decoupled theories then 



C{^£;g) = Ci{iil-g^)+C2{ixl;g2) ■ (14.2) 



2) The C-function should obey the usual RG equation expressing its independence of the 
arbitrary RG scale ^ 

f^-^+f3'^]c{^ie;g) = 0. (14.3) 



dn dg^ 

Irreversibility of RG flow, at least in some flnite domain of couplings {g} near a flxed point, 
is then entailed by the requirement 

4c,.,,){<«- (14.4) 

With these conditions C deflnes a Liapunov function in the region {g} for the RG flow 

Ciiie;gt)<0 if gt^g*, g\ = -P\gt)- (14.5) 

3) A natural condition which clearly entails ( [14.4|) is to require 

£^^C{fi£-g) = -G,j{^£;g)P\g)P^{g) , (14.6) 

where Gij (/i£; g) is independently defined as a positive symmetric tensor on the space of 
couplings and can be regarded as playing the role of a metric. Gij (/i£; g) should satisfy a 
homogeneous RG equation, 

^^-^G^J{^i■,g) + {CpG),J{^i■,g) =0, (£^G),, = p'd,G,j +d,p''Gkj +djl3''G,k , (14.7) 

where dif3^ is the anomalous dimension matrix for the operators Oj. Trivially from ( |14.3| ) 
and ( |14.6| ) we may obtain the essential Zamolodchikov equation ( p..l|) , 

l3\g)-^^G{fii;g) = G,,{fii;g)(3^{g)P^{g). (14.8) 

4) Assuming ( |1 . 1| ) the definition of C is still ambiguous to the extent that 

C{i,i;g) ^ Cifii;g) = Git^i; g) + D^jif^i; g)(3\g)(3^ (g) , 

(14.9) 

(/x£; g) -> Gij {iJ,i; g) = Gij {fit, g) + {CpD)ij {fit, g) , 
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leaves (|1 . 1| ) invariant. This defines an equivalence amongst C- functions and associated 
metrics which ensures that the precise value of I chosen in ( |1 . 1| ) is irrelevant but of course 
all such functions give the same value C^, at a fixed point. To ensure the desired properties 
of irreversible RG fiow it is only necessary that there is a Dij such that G^j is positive.!^! 
Introducing the correct terms linear in /3* , as in ( p.8|) , are in general necessary to find a C 
satisfying (|TTT|) although they also do not change C*. 



5) A stronger condition, analogous to ( |3.9D , which implies ( |1.1| ) is 



^,C{^Jil■ g) = T,, {^Jil; g)l3\g) , T,, = G,, + a,W, - 9, W, . (14.10) 

If Tjij] = this ensures that the RG fiow is a gradient fiow. In general ( |14.10| ) shows that 
C is independent of marginal coupling if Tjj has no off diagonal pieces. Under variations 
as in (|14.9|) then ( |14.10| ) still holds if at the same time 

i^j{lJi£-g)=W^,{lxl-g) + D^k{li^-.g)^\9). (14.11) 

which demonstrates that Wj cannot be zero in general and that the assumed form for Tjjjj 
in ( p.4.10 ) is consistent. 



To illustrate some aspects of the above we first attempt to rederive the Zamolodchikov 
c-theorem (for a recapitulation see [|3^). The basic inequality is similarly obtained using 



previous results applied to the two point function of the energy momentum tensor in two 
dimensions on S"^ {T^^{x)Taf3{y)) = ^ ^.v^apix^y) as in ( p.4| ). The positivity condition is 
provided by gf"" g"^^ {T^„{x)T^p{y)) = Pi + 2P2 > 0. Using (|T2|) and (Q for = 2 we 
require 

p^C{e) = 2 sm^9{R + Pi) + fiO) (Pi + P2) , (14.12) 

to satisfy 

p^C"(^) = i/'(^)(Pi + 2P2). (14.13) 
This provides a differential equation for / which is readily solved, 

f{0) = -4sin^i^ + 4sin2^ lncos|^. (14.14) 

As ^ ^ f{6) so that f'{e) < for some finite region near ^ = {f'{6) < 

for 9 < 2.5) in which then C'{6) < 0. Nevertheless C is in general a function of the 
dimensionless n/p as well as 9 and the couplings g^ and the 9 derivative is not linked 



^■^ In a perturbative context pl| we may obtain C{fii;g) = C{g) + Qij{pi; g)p^{g)f3-' (g), 
ijifii; g) = G^j{g) + (£^Q).j(/i£; g) where (3'^^C = Gijp'/3^ and p^Oij + {CpVt),, = -d,. The 
perturbative dj need not be positive although Gij is. 
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to the dependence on the RG scale /U. Hence there appears to be no demonstration of 
irreversibihty of RG flow for general p from such an inequality. Only with the assumption 
of a sensible flat space limit which requires C{6) ~ C{6iJi/ p) as p — >^ may such a result 
be obtained. In this case the resulting C-function, which satisfies (|14.6| ) as well as ( |14.3| ) 
with I = y/s = 9/p, is equivalent to that found by Zamolodchikov.llj 

More recently |[T^] an alternative derivation of a c-theorem for general d in terms of 
quantum field theories on spaces of constant negative curvature, where the c-function C 
is defined by g^'^ {T^jj) = —Cp'^, has been suggested which is based on equations akin to 
( p.29a,6|) . Defining 

C = SdC, (14.15) 
( p.29a| ) may be written, using (|13.26|) , as 

p^C = go-dC, (14.16) 
dp 

where, if the unsubtracted representation (|13.23| ) is valid, ( |13.26| ) implies that > 0. If 
we assume A ex. p'^, as in sections three and four for both two and four dimensions, then 
from (|2.31| ) we have 

In this case the right hand side of ( |14.16|) must vanish for = 0. This becomes more 
apparent by using ( |2.29£|) to now write 

f3'd,C = Ge - ^Sdf3'{d,A + d,f3^ {Oj)) , Ge = U'^y^ {Q{x)Q{y)) . (14.18) 

In [0 the additional terms beyond Qq, which is 0(/3^), are missing (there is no discernible 
redefinition of C which achieves this). As it stands, given the definition of C, ( |14.18| ) is just 
an identity. If these additional terms ( |14.18D are disregarded then taking C{p/p, g), which 
satisfies ([IXSD with i=l/p, as a possible C-function hinges on supposing Qq > in order 
to obtain the essential inequality (|14.6| ). For x y in unitary theories (G(x)G(y)) > 0. 
However the regularisation of potential singularities in the integration defining Qq at x = y 
is much less clear .0 It is important to recognise that Qq may be defined as a finite quantity 



To make the comparison clear, using a similar notation to that in |l39|] , we may define 

F = j^s^R, G = is^Pi, H = s^{Pi + 2P2) and then C = 2F - G - + g{G + \H), from 

(|14.12[) , for g{s) = 1 + (1 - \p^s)/\p^s ln(l - ip^s) satisfies sG' {s) = -|(3 - h)H where 

h{s) = 1 + (1 — s) / s ln(l — \p'^s). Neglecting g,h, which is justified as s ^ 0, this is 

identical with the standard fiat space result. 

The prescription in [10| of subtracting 5-function contact terms is not unambiguous and 

does not provide a well defined regularisation in general. Introducing additional couplings into 

the quantum field theory involving curvature terms does not change the essential argument. 
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through ( 14.18 ) but the regularisation of the integral need not preserve any positivity 
conditions. These also do not apply to contact terms that may be present in {Q{x)0{y)) 
(and which may be arbitrary although any such ambiguity cancels on both sides of (|14.18|) ). 
In general Qq depends on possible subtraction constants in the spectral representation of 
the two point function whose positivity need not be entailed by that of the spectral weight 
function. 

A perhaps convincing argument as to the essential difficulties of such an approach, 
independent of intricacies of the precise definition of Qq, is that in four dimensions ( [4.35| ) 
shows that we expect C > for either positive or negative curvature, and at a fixed point 
it is equal to a up to a factor, and then > would be sufficient to prove the desired 
c-theorem for C implying (|14.1 ), so long as the other terms on the r.h.s of (|14.18| ) are 



neglected. However in two dimensions from (|3.21| ) C has no definite sign although it is 
proportional to the Virasoro central charge c at a fixed point. In particular for the positive 
curvature case C < and then > would be the wrong sign inequality to generate the 
required irreversible RG fiow. It is nevertheless difficult to see why any putative derivation 
along these lines should not apply for both positive and negative curvature. 

It is worth emphasising that considering a field theory on a space of constant non 
zero curvature of course introduces an extra scale, here denoted by p. This complicates 
the discussion of physical consequences from the RG equations except in some fiat space 
limit as became apparent in the attempt to generalise the Zamolodchikov derivation of 
the c-theorem. Another way of appreciating the difference is that on fiat space the RG 
equation may be regarded as implementing broken scale invariance identities. On fiat 
space the full conformal group 0{d+ 1, 1) is reduced, except at fixed points, to 0{d) k T^. 
The broken generators decompose under 0{d) into singlet generating scale transformations 
and a (i-dimensional vector corresponding to special conformal transformations. The scale 
invariance Ward identities may still be implemented in a quantum field theory away from 
fixed points if they are associated with a fiow in the space of couplings generated by the 
usual /3-functions. Although such linear equations for the correlation functions do not 
involve any arbitrary scale fx they are equivalent to the standard RG equations. There 
are corresponding identities relevant for special conformal transformations but these 



involve the insertion of operators which are not generated by derivatives with respect to 
the couplings. In the absence of closed equations such identities are not then of much 
practical significance. If a quantum field theory is defined on S'^ or H*^, as considered in 
this paper, then the manifest symmetry group is 0{d + 1) or 0{d, 1). In either case the 
remaining generators of 0{d + 1,1) transform as a d + 1-dimensional vector. The broken 
conformal identities are then similar to those for special conformal transformations on fiat 
space and there are no associated linear equations relating directly the x-dependence and 
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the dependence on the couphngs through the /3-functions. 



Although, as iUustrated in ([7^51) , (^O^), (|T0J2]), and ([105]), with (|To:6|) , (|TOJ|), 
( p.0.18| ), the results for free field theories on 5"^ are in accord with expectation from con- 
formal invariance, using ( |6.17|) , (|6.25|) and ( |7.13| ) , this does not apply to the corresponding 
results on H*^. This arises since in order to derive the identities expressing conformal sym- 
metry it is necessary to integrate by parts and surface terms on the boundary cannot be 
dropped due to lack of sufficient fall off of the Killing vector fields as the boundary of H'^ 
is approached. In consequence the results are less constrained in this case. 

In the end the analysis of the energy momentum tensor on spaces of constant curvature 
has not apparently led to new insight concerning a proof of a possible c-theorem away 
from two dimensions. Nevertheless we have rederived ( [4.22| ) which is the four dimensional 
analogue of (|3.7| ) in two dimensions which then gave (|3.9|) , a perturbative analogue of the 
c-theorem. This result can be shown to be directly connected with the full C-function 
which entails irreversible RG fiow |2^] . The result ( ^4.22| ) may be expected to be related to 
similar equations involving three point functions at non coincident points. In such cases 
positivity is no longer manifest but might be linked to positivity conditions on the energy 
momentum tensor ||4l|] . It is interesting to note that a recent demonstration of irreversible 



RG fiow in an ADS/CFT context depended on a positive energy condition [|14[, albeit for 
classical supergravity. 
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Appendix A. Results for Negative Curvature 



For the negative curvature case the conservation equations in ( p.8|) become 

R' - 2S' + U2 +id-l) (coth OR- 2 tanh ^) + 2 coth ^0 S - 2 cosech ^ t/2 = , 

S' - T' + dcothe S - dtanh^OT - cosecheU2 = 0, (A.l) 

Ui +V' + {d-l) coth^ [/i - 2 cosech^ ^ - 2 tanh i^T = . 



With the definition (|8J0D , (lOp and ( |8.11a,fc|) become 



P/ + P2' = - (c^ - 1) coth ePi , 

Q' + rfcoth^Q + ^Pi' = -2rf cosech 0(^-T), 

1 (A.2) 

(5-T)' + dcoth6'(^-T) = - cosech 6*- ((Q + (d-2)(d + l)T) 

a — 1 ^ 

+ cosech 9 - Pi . 
d 

For d = 2 the equations become 

R' + 2 coth i? + Pi' = 2 cosech ^ Pi , 

(A.3) 

(i? - 85 + 8T)' + 2tanh ^9 {R - 8S + 8T) + P/ = - 2cosech^Pi , 



and if Pi = instead of the solution in (|8.13| ) we have 



4 4 

R = C ^ , i? - 85 + 8T = C" — . (A.4) 
sinh^i6' cosh'^i6' ^ ' 

The expression obtained in ( |9.13| ) corresponds to C = C". 

For the spin zero contribution given by an analogous formula to ( p.l4|) we have re- 
placing and ( gT7|) 

A = p2(Po"-coth^Po') , S = -p2(Fo' + ((^-2)coth^Po'-(c^-l)i^o), (A.5) 

and 

Rq = p2 _ (coth 9 + A cosech 9)A' -VA cosech 9 coth \9 A) , 
Sq = { — cosech 6*74' + cosech 9 coth ^9 A) , Tq = cosech^ 9 A , 
Uo^i = p2 (p" _ coth 9 B') , C/0,2 = -P^ {A" + {d-2) coth ^ A' - (rf - 1) (2 cosech^ ^ + 1) A) , 
Vo= - p'^{B" + {d- 2) coth9B' - {d-l)B + 2 cosech^ 9 A) . (A.6) 
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Instead of (|8J8D 



Pi + P2 = P^{d - 1)( - coth^(A' + dS') + A + dS) 



(A.7) 



and from 



A + dB = -{d- 1) (V^Fo - dp^Fo) . 



(Ai 



Solutions of the homogeneous equation (|A.7D , A + dB oc cosh 6*, may now be discarded by 
requiring appropriate boundary conditions and (|A.8D may be solved to determine Fq. 



For the spin two contribution, which satisfies the traceless conditions ( ^.61 ), we have 
instead of ( p.24|) , (|8.26|) in this case 



'G = p^{F2 - coth^Fa + 2{d - 1) tanh ^9 F^ + {d-l){d- 2) tanh^i^Fs) 



4(rf-l) 



sinh 6 Q . 



(A.9) 



{d-3)d{d+l) 
As in ( |8.27D this may be simplified to the form 

16(rf- 1) 



u = cosh^ ^9 . 



dw2^'^ {d-?,)d{d + l\ 

For Pi = P2 = ( [A.2| ) demonstrates how P, S", T can then be determined from Q. 



(A.IO) 



In two dimensions if we modify the discussion in ( |14.12| ), (|14.13|) and ( |14.14| ) to the 
negative curvature case instead of ( p.4.12| ) we may define 



p*C(^) = 2 sinh^i^(P + Pi) + /(^)(Pi + P2) 



and then ([T4T3D holds if 



f(e) = -4sinh^i^-4sinh2^ Incoshi^, 



(A.ll) 



(A.12) 



In this case f'{0) < for all 9 and C{9) is monotonically decreasing. 



Appendix B. Construction of Green Functions 

We here discuss the various Green functions for particular differential operators which 
were used in the text. For homogeneous spaces of constant curvature these all depend just 
on the single variable 9{x, y) and the differential equations for 5''^ or iP^ are similar although 
the regularity or boundary conditions in each case lead to different solutions. 
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First we determine the Green function G\{6) for the operator — =F A(A ~ d -\-l)p^ 
for ^ 0. For the negative curvature case, writing G\{9)- = e~^^ H{e~'^^), then 
(-V^ + X{X-d+ l)p2)G'o(^)_ = gives using (|5J6| ), 

z{l-z)H"{z) + {{X + l){l-z)-^{l-z))H'{z)-XfiH{z) =0, fi = ^{d-l), (B.l) 

which is of standard hypergeometric form. Imposing boundedness as ^ ^ oo requires the 
solution oc F(A, /i; A + 1 — fJ.]z). For Gx{9)± to be a Green function it must have the 
singular behaviour as as 6* ^ 0, Gx{6)± ~ {6 / p)~'^^'^ / Sd{d — 2), so as to generate 5'^{x,y) 
under the action of — V^. It is easy to see that this gives the result (|13.2|) . For X = d we 
have for the Green function Kq defined by ( p.l3|) and (|4.26|) when d = 2 and d = 4, 

Ko{e)-=SdGd{e)-=p''-^-^z-^''F{d,fi;fi + 2;z). (B.2) 

d + 1 

For (i = 2,4 this can be reduced to elementary functions giving respectively 



(B.3) 



Ko{e)-= -^((l + ip2.)ln| + 2 



For i? > we write Gx{0)+ = F{w) for w = |(1 + cos 6*) and then the homogeneous 
equation becomes 

w{l - w)F"{w) + ci(i - w)F'{w) + X{X~d + l)F{w) = . (B.4) 

By requiring a solution which is regular at w = and imposing the required behaviour as 
^ ^ the Green function becomes 

= ^(^' -X + d-l; \d- w) . (B.5) 

(47r)2°' r(id) 

In the text Kq is defined as the Green function for — — dp^, corresponding to taking 
X = d. However 

G.+.W+~--f-T^-Vjr(l + H as (B.6) 

which is a reflection of the existence of normalisable eigenvectors of — with eigenvalue 
d. By subtracting this singular piece and then taking the limit e we may define 

KoiOh = ^ ( E 7^ - 2fl + ^)-V (B.7) 

°^ ^+ \4TT)^''r{ld)\^^n{n-l) {^d)n \ d) ) ^ ^ 
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This then satisfies 

(_V2 _ dp^)Ko{e)+ = SaS^ix^y) - kaP^cosO, ka = -f;^ 3^3^. (B.8) 

(47r)2'^ r(^d) 

Again Ko{9)-^- may be found exphcitly for d = 2,4. Dropping some terms proportional to 
cos 9, which satisfy the homogeneous equation, we have in each case, 



Ko{e)+= -I((l-ip2,)inip2, + ij^ 



(B.9) 



For the vector field the basic equation is 

-V^{F^Ax)A^{y)) - ^ d,V^{A^{x)A^{y)) = g^,X{x, y) . (B.IO) 

To solve this we adapt the methods of ref. to our notation. Using the definition ( |6.26| ) 
we may write 

{A^{x)A^{y)) = F{e)i^^ + d^H{e)t^ , (B.ll) 
and, since as a consequence of (|6.27|) d^^Ij^^a = 0, we then have 

p{F^^{x)A^{y)) = F'{e){x^I,^ - x^I^o.) ■ (B.12) 
In order to solve ( [B.IUD we first require 

-V^{F^,{x)A^{y)) = guX{x,y) + d,{S{e)yo) . (B.13) 
This decomposes into two equations in either case 

S+ = sin eV^F+ - p2 cos eF'+ , S'+ = p'^(d-l) cosec eF'+ , 

(B.14) 

S- = sinh eV^F- - p2 cosh 9F'- , S'-=p'^{d-l) cosech 9F'- , 



which may be satisfied, along with (|B.13|) , by imposing 

-V'F(^)± ±{d- 2)p'F{e)± = 8\x, y) . (B.15) 

This is identical to the equation for the scalar Green function for \ = d — 2 so that from 
the above solutions we have (for R> Q the result is essentially given in |]4^ ) 



The gauge dependent part in can be found by solving, in the positive curvature 

case, 

-V^if+X = (l-0^+ya + 2p2sin^F+y,, (B.17) 
P 

with a similar equation if i? < 0, although knowing H is unnecessary to obtain (|10.12|) 
when in addition we use -F(2, 1; 2; w) = (1 — w)~^ . 
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Appendix C. Calculation of Norms and Spherical Harmonics 



The calculation of the norms of the basis states defined in ( p.2.17| ) or ( |12.34D for the 
scalar or vector representations follows from computing the action of L_i on these states. 
In the standard fashion we use the basic commutator [L-i, i+j] = 2dijH — 2Lij, as well 
as those involving H, L^j with L_|_j , until they act on the lowest weight state and we may 
use ([T2J5D or (HjD. For the scalar case, with the aid of 

[L_i, k+] = 4L+,{H -^1 + 1)- 2L+jL,j , = ^{d - 1) , 

we find 

L_,\ni,C) = 4n(A - ij + n) L+,\n-li, C) + 2£(A + 2n + £ - l)|n£-l, C") 
= 4n(A - ^Ji + n) \n-l C%) 
21 



(C.l) 



(C.2) 



+ 



-(A + ?i + £- l)(;U + n + £- 1) |n£-l,C-) 



after using ( p.2.22| ). With the scalar products in ( p.2.18| ) and using the hermeticity condi- 
tions (|123) with (^]2D and (|12.22|) again we have 



£+1, C'\L-i\ni, C) = 4n(A - /i + n) ^^n-l£+l C- C+, 



£+1 
2(/x + £) 



where 



MniC'--C, (C.3) 



(C.4) 



Hence ( |C.3| ) gives relation between Nn-i£+i and Nni- Similarly 

21 



{ne-l,C'\L_,\ne,C) = ^^—{X + n + e-l){n + n + e-l)Af^e-iC'-C-=Af^iC'tC, 

(C.5) 

with C ■ C~i = C'\- C in this case, relates Af^i-i and Afni- Solving the recurrence relations 
given by (^) and ( lOSD , with A^oo = 1, then gives (|12.19|) . 



For the vector case the results may be obtained in an analogous fashion albeit the 
expressions are more lengthy. For the states defined in ( |12.34| ) we have 

L_,|n£,C) =4n(A-;U + n) L+,\n-li,C) + 4n\n-ie +,C,) +2£|n£+,C,) 
+ 2£(A + 2n + i-l) k^L+,^ . . . |A, k) Ck^,...^,_,^ 

= 4n(A - fi + n) \n-l C%) 



+ 



11 



-{X + n + e - + n + e - 1) |n£-l,C-) 



+ , , ^ ^ (2n(A + ^ + n + e-2)\n-ie+,Q 
a + I — 6 \ 

- {2{X + n ~ + n - 1) + i{X + 2n - l))\ni -X,) 



(C.6) 
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and 

L_i|n £ +, C) = 4n(A - iJ + n + 1) L+i\n-l i+,C) + 2^(A + 2n + i)\ni-l +, C",) 
+ 2(A - ci + 2) K+"L+,, . . . L+,J A, i) C,,...,, 
= 4n(A - ;u + 71 + 1) |n-l £+1 +, C+i) 

Of 

+ (C.7) 

+ 2{X-d + 2){\ni+l-,C+i) -i\n£,Ci)) 

-(£-l)|n+l£-l-,C-) 
and also 

L_,|n£-,C) =4n(A-;U + n) L+i|n-l £ -, C) + 2(£ - 1)(A + 2n + £ - l)|n£-l -, C",) 
- An K^-^L+,^ . . . L+,JA, i) C,„„,^ + An \n-ll-l +, C" ) 
= 4n(A - ;U + n) |n-l £+1 C+i) + 4n(A - ;U + n + £) |n-l £, C^) 

+ ^^^^^(A + n + £ - + 71 + £ - 1) |n£-l -, C") , (C.8) 
/U + - 1 

271 / 

(, + ,-i)(,^,-4) (('^ - 1)(A - . + n + QlnH 



+ (rf-3)(A + // + 7i + 2£-3)|7i-l£-l+,C-)) . 



With these formulae we may find the norms of the basis vectors defined in ( |12.36| ) and 
( p.2.37|) by following the same procedure as in the spinless case. First for J\fnt we obtain 

{n-ll+lX'\L-,\nl,C) =An{\- ii + n)M^-i,+iC'-C\ = -J-—M^,C'--C, (C.9) 

2(/x + 1) 

and 

(7i£-l,C'|L_,|7i£,C) = (A + 71 + £ - + 71 + £ - 1) M^i-x C'- C' = M^i C% C , 

(C.IO) 

by using ( P.6| ) and ( |12.41J ). In (|C.9|) we have the relation 

C- C+ = j^C'-- C = C',.,....,.C,,...,, , (C.ll) 



and similarly in ( |C.10 ) with £ ^ i — 1. Thus N'nt obeys identical recurrence relations to 



J\fn£ and (|12.38| ) is obtained starting from Aoi = 2(A — 1). 
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The 2x2 matrix M^^ defined by (|12.36 ) may now be obtained directly with the aid 



algebraic relations expressing each element in terms of Afnt- Using ( |C.8| ) and ( |C.7| ) we may 
find, with an obvious notation for the components of A/"„g, 



{n^,C\L-i\n+l^-,C) = 4{n + 1){X - ^ + n + e + 1) AfniC- Ci 

■ {J^ni +- — J^nl ) Ci-C , 



d + e-3 

{ni,C\L_,\ni+,C) = - 2i{X - d + 2) Af^iC- C, 

1 



(C.12) 



d + e-3 



{J^ni ++ — J^nl — \-)Ci - C 



where 



Furthermore we have using (|C.6| ) 



(n£+,C|L_,|?i+l£,C) = 

= ^^^_3 (2(n + l)(A + ;U + n + £-l)Ar^^++ (C.14) 
- (2(A + n)(;u + n) + £(A + 2n + 1)) Uni+-) C-C,. 



Although a further relation may be obtained by considering {n+1 i —,C\L-i\n+l £,C) 
( |C.12[ ) with ( |C.13| ) and ( |C.14| ), since Afni \- = J\fn£-{ , are sufficient to determine JSLne- 



Writing 

Ar^, = 24'^+^+in!(£-l)!(A + lW,_i(^ + £).(A + l-^). (^^ ^) , (C.15) 
we then find 

a = 4(n + 1)((A - ^)iX + £ - + £ - 1) + {n + 1)((A - - 1) + £(A - ^))) , 

b = 2{n + 1)£{X + fi + n + £-l){X-d + 2), (C.16) 
c = £{2{X + n){n + n)+ £{X + 2n + 1)) (A - + 2) . 

The result for A/'n+ in ( |12.38| ) may be obtained by the result for Mni given by (|C.15| ) 

and ( |C.16|) by setting £ = 0. Since we require an expression for JSLnf^ is useful to note 
that 



det( ^ ^ ) = 4{n+l)£{X~l){X+n+£){^+n+£){X-^+n+l){d+£-3){X-d+2) , (C.17) 



b c 

which for a unitary representation must of course be positive. 
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We also summarise the essential results for the spherical harmonics defined as in 
( p.2.26| ) by = C\^,,,i^^i^ ■ ■ - iii with a basis of symmetric traceless tensors of rank 

(. so that Y.A = {d- 2)e-iid - 3 + 2i)/il . Using 

Jgd^2^^^ ' ■ ^ 22^£!(/i)^ ^'^^^''^ ' ■ ■ '^^2^-1*2^) ' (C.18) 
and ( 112.201 ) we have 

/ dvY/'iOyIiO = 7jerTS,.^6ri. (C.19) 

JSd-2 ^ (^)£ 

Furthermore we have 

E Y/{Ci)Y/{C,) = Y^^^^ Cr\Ci-^2) , Cr\l) = , (C.20) 

with Cg~^ a Gegenbauer polynomial. 



Appendix D. Results for Free Massive Scalar Fields 



Forte and Latorre |Ty] have discussed the case of free massive scalar fields on a space 
of constant negative curvature. We here re-examine this case, which despite being a free 
field theory is non trivial, in the light of the main discussion in this paper. 

For (p a free scalar field satisfying (A + m?)cj) = then if 

= {\^-\d){\^-\d+l)p' , (D.l) 

the basic (p two point function is (9) . For such free massive fields the energy momentum 
tensor may still be taken to be given by (|10.1| ) but this is no longer traceless giving 



e = -m2(^^ (D.2) 

In terms of the general formalism set up earlier may be regarded as a coupling with 
the associated operator 0^2 = ^(fp and = —2m?. 

In order to determine the spectral representation for cfp' in this case we make use of 

F(Ai, //;Ai + e-2^)F(A2, ^; A2 + 1 - e'^^) 

= Sa, A„ne-2'^'F(Ai + A2 + 2n, ^; Ai + A2 + 1 - ;u + 2n; e'^^) , ^^'^^ 
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where, in a similar fashion to (|13.32 ), 

(Al)ri(A2)n 



B 



Ai A2,n 



(Ai + 1 - /u)„(A2 + 1- n)n n\{Xi + A2 + n - /i), 



:D.4) 



For = 3, Bx, 



1, when (JD.3D is easily checked. For the free field (p we therefore have 



2\i 



dAp^2(A) Gx{e) 



(D.5) 



where from ( p.3| ) 



P<^2(A) 



d-2 



r(2A<^ + 2?i + 1 - ;u) 



TT'^ r(A^ + l-/x)2^ r(2A^ + 2n) 



SA,A„n5(A - 2A^ - 2n) . (D.6) 



Asymptotically p<^2(A) ~ 2(d - l)p(ipA)^-^/r(d)5d. Using the relation ( |13.25| ) we have 

1 



Po(A) 



p4(c^-l)2(A + l)2(A-rf)2 



P02(A) 



^2^0 2'^-i((i-l)2(rf + i; 



5(A-rf), (D.7) 



where the limit may be taken either by A^ or A,/, |(i — 1 in ( p.l| ). 

Comparing with (|13.28|) the result for Cq is in agreement with (|13.33|) where Ct is given 

by (iraei) . 

For general d, G\{9) may be separated, by using standard hypergeometric identities, 
into two pieces one of which contains terms of the form 0-d+2+2n^ 7i = 0,l,2,..., and the 
other which is analytic in 9. Discarding the former we may easily obtain using ( tl0.1|) 



r(A^) 



(Di 



The result for {T^^) is of course as expected from (|D.2| ). With the expression in ( p.8|) for 
{(j)^) we have, noting that -(/'(x) = r'(x)/r(x). 



d 



,2\ '>P{\c^)-'>P{\^ + 2-d) 



dm? 



(Ac/, - p)p^ 



:D.9) 



The representation in terms of p</,2 may be verified directly for d = ?> and is convergent for 
d < A when it demonstrates d{(t?)/dm? < 0. For d = 2 ( p.9| ) gives 



p2 d^y^{c/>'{x)c/>\y)) 



27r - i 



2A, 



dA p^2(A) 



A(A-l) 



(D.IO) 
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As expected the one point functions in (p.8| ) are divergent when d = 2,4. Subtracting 
the poles at (i = 2, 4 as usual we have 

27r((/)2)reg|^^2 = - In - - iA(A<^) - T , 

/p \ (D.ll) 

87r'((/>')reg|rf^4 = In + V(A^ - 1) + r j + , 

where fi is a regularisation scale and r, which may be absorbed into the definition of fi, 
and s are arbitrary parameters reflecting the precise choice of renormalisation scheme (to 
obtain the result for (i = 4 it is essential to subtract a pole term oc rr? je, £ = 4 — (i, where 
w? is given by ( p.l|) including 0(e) terms). The \n.p/^ terms reflect the mixing of the 
operator with l,m?l for (i = 2,4 respectively. By using (|2.3C1| ) we may obtain dC/dm? 
in terms of {(f)'^)reg and integrating this gives 

The free parameters r, for d = 2, and r, s, for d = 4, correspond to the potential freedom 
of adding to the action terms of the form J cPxy/gm^ and / d^x^^m^, / d'^Xy/gm^R 
respectively. The undetermined integration constants c, a in (|D.12| ), which are independent 
of m^, cannot be so modifled and are therefore renormalisation scheme independent. The 
Inp/fi terms demonstrate the mixing of T^^ with g^uTin?, g^j.u''^'^ for d = 2, 4 (even for free 
theories and deflning the energy momentum tensor through normal ordering for instance 
there are such terms if the mass used to deflne normal ordering is varied from the physical 
m). 

Forte and Latorre effectively choose well as /i, by imposing the natural de- 

coupling condition that (T^i/), and also ((/>^), should vanish as ^ ocEl This further 
determines the integration constants c, a. With C deflned by ( |14.15|) and using the expan- 
sion of '0(x) for large x, the decoupling condition leads to 



C'FLL_2 = ^27r(<^')^,.-fi = -^(^(A,)-ln^-l4) ^ ^ = 1' (D-13) 



for d = 2 and for d = 4 



m 



2 



Cfl\^ , = ^ 2Tx'^i(j?)FL + 

4 1 2 1 4 

= ^(^(A,-l)-ln---^ + -^j ^ «= 360- 



(D.14) 



However for d = 3 where there are no ambiguities 47r(0^) = —(m? + jp'^) ^ for R < and 

47r((/>2) = -(ip2 _^2^ipQ^^^l _^2/p2 if 0. 
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These results for c, a determine C in the conformal limit and are just as expected 

for free scalar theories in 2, 4 dimensions. This prescription also ensures that A is indepen- 
dent of m^, in contrast to (p.l2|) . Both results for CpL decrease monotonically to zero as 
increases from to oo.0 For d = 2 the result for the derivative can be expressed, 
in agreement with ( |14.16|) and (|14.17D , as 



-2m^-^CFL = -^Cfl + Qo , (D.15) 

where explicitly 

^o = — \ ^ ^+o=4/dApoA— — -. D.16 

The A integral, with po given by (p.7| ), (p.6| ) and ( p.4|) for ci = 2, may be verified numer- 
ically and in special cases analytically. Qo is equal to 2np~'^m^ j<^y^{(^'^{x)(lP'{y)) with 
the 0{m?) and 0(1) terms at large m? subtracted. For d = 4 the corresponding result is 
again in accord with the general expression given by ( |14.16| ) and ( p.4.17| ), 

-2m^-£^CFL = -^Cfl + Go , (D.17) 

if we now take 

go = 7— IT ^ 3 +-X-o-:t + T7 =144-^ / dApo ( A) . (D.18) 



4V A^-l p4 3p2'i5; J2X, 'X{X-3) 15 



The additional constant present in ( p.l8| ) in the expression for Qq beyond that given 
by ( |13.26D in terms of the integral over po(A) is necessary since the right hand sides of 
( P.15|) ,( p.l7|) should vanish as —>■ while the integral in this limit is restricted to 
A = d, according to (p.7| ), and is determined by Co oc Ct oc c while in four dimensions 
Cfl oc a. From and ( p?7|) we would have ^o|m2=o = d/ {2'^-^{d + 1)). 



^"^ For i? > a similar approach gives for d = 2, 47r((/)'^) = \nm? / — — V'(a-) 

and for d = 4, IQ-k'^ {(f)^) = m?{—\nm?/p^ + \^(? jrir? + + V'Co-)) where in both cases 

a± = ^ lb \/ \— 'm? / p^ ■ By integrating (|2.3Cl| ) with the boundary condition that C vanishes as 
^ oo we get for d = 2, C* = m^2T:{(f)/p^ - \ and for d = 4, C = m^2'K^ {4)'^) / p'^ + The 
integration constants are just those expected from the trace anomaly. When d = 2 C decreases 
monotonically with increasing m? , despite the sign of the anomaly in this case, as a consequence of 
the result 47r((/)^) ~ (? jvr? as with the singularity arising from the existence of constant 

normalisable zero modes for — V'^ on a sphere. When d = 4 (7 changes sign at rr? cs 0.2p^ before 
tending to zero. 
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